Proof in Z

with

ProofPower
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Course Objectives

e to describe the basic principles and concepts
underlying ProofPower support for Z

e to enable the student to write simple specifi-
cations and undertake elementary proofs in Z
using ProofPower

e tO enable the student to make effective use of
the reference documentation for ProofPower-
Z
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Course Outline

Introduction to ProofPower-Z

The Z Predicate Calculus

EXxpressions

Schema Expressions

Paragraphs and T heories

The Z ToolKit

Case Study
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Course Prerequisites

We assume a working knowledge of:

e Z as a specification language

e the use of ProofPower with HOL

SML
open_theory "z_library",

new_theory "usr023";
new_parent(hd (get_-cache_theories()));

set_pc "“z_lLibrary";

Z
[NAME, DATE]

Z
Ulx] =X
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Sample Schemas

Z
File

people : P NAME;
age . NAME +— DATE

dom age = people

ZF'ZQ
—Lrile

people : P NAME;
height : NAME + Z

dom height = people

Z
th'leB
people : P NAME

FileOp
ile: File’: i?:N

R
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Useful Files

usr023.dvi - these transparencies for use with
previewer.

usrO23_slides.doc - transparencies source file.

zed_course_work.doc - exercise ‘“work book’ .

zed_course_answers.doc - solutions to exercises.

sun4example_zed.db - ProofPower database with
material loaded in ready to do the exercises.
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Reasoning in Z with ProofPower
Facilities ‘lifted’ from HOL

e Propositional Reasoning

e Predicate Calculus:
— stripping
— forward chaining

— resolution (via prove_tac)

e basic rewriting

e basic integer arithmetic

e arithmetic computations
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Reasoning in Z
Areas for Future Enhancement

Function Application

‘set’ inference

Conditional Rewriting

Consistency Proofs

Performance Improvements

Ease of Unfolding Definitions

Methods which contain complexity
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Some Z Proofs are Easy with ProofPower

propositional tautologies

Propositional reasoning in Z is exactly the same as in HOL, fully

automatic and well integrated into the normal proof methods.

first order predicate calculus

As in HOL, predicate calculus proofs in Z are either automatic or

routine.

elementary set theory

A useful class of results from elementary set theory are automati-

cally provable.

other classes of results

Whenever a new theory is introduced one or more proof contexts
may be developed to solve automatically a range of results in that
theory. “Decision procedures” for such classes of results can be

made available via “prove_tac’.
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Simple Predicate Calculus Proofs
e use the subgoaling package

e Set the goal

SML
open_theory" usr023",;

set_pc "z_lhibrary";
set_goal([],% (Vz, y: Xe Pz = R y)

& (Yo, w:Xe = PwV Rv));

e initiate proof by contradiction

SML
a conitr_tac,

ProofPower output
Tactic produced 2 subgoals:

(x 5%x) Ve, y: XePax=Ry'
(x 4%x) ZoveX'

(x 3%x) Cwe X'

(x 2%x) L Pw'

(x 1 x) 5-Ro'

(x ?F %) L false

e instantiate assumptions as required

SML
a (z_spec_asm_tac 5V z,y: X e Pz = Ry

7 (0= w, y = 0)7):
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ProofPower output
Tactic produced 0 subgoals:

(x xxx Goal "2" xx* %)

(x 5%x) Vo, w: Xe-PwVvRuv!
(x 4 %) Lrxe X

(x 3%x) Lye X

(x 2x%) L Py

(x 1 x) =Ry

(x ?F %) L false

SML
a (z_spec_asm_tac 5V v, w : X e = PwV Ruv'

z =y, w=1)0);

ProofPower output
‘Tactic produced (0 subgoals:

‘Current and main goal achieved

SML
‘pop-thm();

ProofPower output
‘Now 0 goals on the main goal stack

‘valz’tZI—(‘v’x,y:Xonij)@
| Vo, w:Xe=PwV Rv): THM
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Exercises: 1

Log in;

start Motif Window manager (using openwin COm-
mand);

Select “Z Course” from the Root Menu;
Find Exercises 1 in zed_course_work.doc;

Execute the preliminary commands just before the
Exercises;

Work through the the exercises recording your so-
lutions in zed_course_work.doc.
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The Z Language in ProofPower

e HOL terms are used to represent Z.

e [ he “concrete datatype” Z_TERM reveals
the structure of terms representing values in
Z.

e [ he function:
SML

dest_z_term : TERM —> Z_TERM,;

may be used to disassemble a TERM which
represents Z, and
SML

mk_z_term : Z_TERM —> TERM:

may be used to construct a TERM represent-
ing a Z construct.
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Z Language Quotation

e Z Term Quotations

Predicates, expressions, and schema expressions may be

entered in Z using the Z quotation character *“ E e.g.:

C{v:Zi | x>0 o zxz} .

e Extended Z

ProofPower accepts an extended Z language for conve-
nience in formal proof, provided that the system control

flag standard_z_terms is set to false.

e Standard Z

Eventually we intend ProofPower to be prepared to check

fully against the forthcoming Z standard.

The norm would then be to check specifications against the stan-

dard, but permit the extended language for use in proofs.
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Special Extensions

o U

U[X] = X

may be used to avoid explicit typing, or to
ensure quantification over entire types rather
than sets.

5, which type checks like € (and means the
same thing). When used infix ¢ and its right
hand operand are discarded. It may therefore
be used to force the type of an expression with-
out otherwise changing its value.

II which take a single operand and creates a
context in which a predicate is required. II is
discarded after parsing and type-checking.
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datatype

ZI1Var

| ZGVar

| ZInt

| ZString

| ZDec

16

The Z Language in ProofPower
declarations

Z_TERM =

(* local variable E z *)

of string  (x variable name %)
* TYPE (x HOL type of wariable =)
x TERM list (x generic parameters *)

(* global variable E HJ[DATE]—| *)

of string  (x variable name x)
x TYPE (x HOL type of wariable x)
x TERM list (x generic parameters *)

(x positive integer literal E 34—| *)
of string
(x string literal E "characters" | *)

of string

(x declaration, e.q.

|\/||_|_dec_0f E[:L’,y:Z]_l—l *)
of TERM list (x wvariables *)
x TERM (x expression x)

| ZSchemaDec (x schema reference, e.q.

| ZDecl

16

|\/||_|_dec_0f E[Fz’le!]—l—I *)
of TERM (xschema expressionx)

x string (% decoration *)
(x declaration list, e.q.

muLdecl_of Slz,y:2; File!] ' )
of TERM list (x declarations *)
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Local Variables

Used in variable binding constructs (e.g. quanti-
fiers)

Free variables used in proofs of universal asser-
tions, or in using existential assumptions (by ‘skolemi-
sation’).

ProofPower allows ‘generic’ local variables.

Global Variables (i.e. constants)

These are introduced and constrained by various
paragraphs.

Subsequent reasoning relies upon utilisation of pred-

icates explicit or implicit in defining paragraph (see
later).
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Integer Literals

Evaluation of arithmetic expressions involving Inte-
ger Literals is built into appropriate proof contexts.

SML
rewrite_conv [| 2543%20 7,

ProofPower output

val it =+ 548 % 20 = 10860 : THM

String Literals

These are supported by the conversion z_string_ conv
which converts a string literal into a sequence of
HOL character literals:

SML

z_string_conv Z"string" ",

ProofPower output
val 1t = F "string" =

<l‘cSc_l7 l‘ctc—l, l_crc_l’ l_cz'c—l’ l‘cnc_l7 l_cgc—l> : THM
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Declarations

Conversion z_dec_pred_conv converts a declaration
into its implicit predicate:

SML

val pred?2 = z_dec_pred_conv

(dec_of%lx, vy : Z]);

ProofPower output

val pred?2 = F Midec_of%Zlx, y @ Z]
& {z,y} CZ: THM

Declaration Lists

Conversion z_decl_pred_conv converts a declaration
list into its implicit predicate:

SML

val pred4 = z_decl_pred_conv
(decl_of %[z, v : Z; File']™);

ProofPower output

val pred4 = + Midecl_of |z, y : Z; File!] ™
o {z, y} CZ A (File!) : THM
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The Z Language in ProofPower

| ZTrue

| ZFalse

| Z—

| ZA

| Zv

| Z&

20

propositional connectives

(* E true | *)
(* > false ' %)

(x negation, e.q. E = p—I *)
of TERM (x predicate *)

(x conjunction, e.q. E P A q—l *)
of TERM x TERM (x predicates *)

(x disjunction, e.q. E PV q—I *)
of TERM = TERM (x predicates *)

(x implication, e.g. E P = q—l *)
of TERM = TERM (x predicates *)

(x bi—implication, e.g. E JR= q—I *)
of TERM x TERM (x predicates *)
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Propositional Reasoning

e assume rule:

SML
‘open_theory "usr023";

val thml = asm_rule E Vz, y:Ne zxy > 0

ProofPower Output
‘valthmZ=Vx,y:Nox*y>0
‘ Va2, y:Nexxy>0: THM

e modus ponens

SML
val thm_a = asm_rule > a S B

val thm_b = asm_rule % a=b

ProofPower Output
‘val thm_a = at+ a : THM

‘valthm_bzaibl—aéb:THM

SML
‘val thm_c = =_elim thm_b thm_a;

ProofPower Output
‘val thm_c = a = b, at b: THM

21 Copyright © : Lemma 1 Ltd.
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22
The Z Language in ProofPower

quantifiers and relations

q * equation, e.q. a = *
ZE ' - b
of TERM x TERM (x expressions *)

| Ze (x membership, e.q. E acb ¥
of TERM = TERM (* expressions x)

| ZSchemaPred (x schema predicate, e.q.
I (File ) V%)
of TERM (x schema expression )
x string (x decoration *)
| Z3 (x existential quantification, E J File | pe q—l *)
of TERM (* declaration x)
x TERM = TERM (*x predicates )
| Z53 (x unique existential quantification, E d; File | p e q—l *)
of TERM (* declaration x)
x TERM = TERM (x predicates *)
| ZV (x universal quantification, E YV File | p e q—l *)
of TERM (* declaration x)
x TERM x TERM (x predicates *)
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Schema Predicates

These are be eliminated in favour of membership
statements when rewriting with z_library:

SML
once_rewrite_ conv[]z II(([z:X]))™;

ProofPower outputval
val it =+ (([z : X])) <
(z =41') €[z: X]: THM

The proof context z_library which will also elimi-
nate the resulting horizontal schema.

SML
rewrite_conv[]z II(([z:X]))™;

ProofPower outputval
val it =+ (([z : X])) <
¢ € X 1 THM

23 Copyright © : Lemma 1 Ltd. 1992-2011



Reasoning with Quantifiers
Specialisation (I)

e Most commonly a binding display is used
SML

2 Y_elim & (=455, y=32)7 thml;

ProofPower Output

val it =Vz,y . Nexxy>(0

= {455, 32} C N A true =
455 « 32 > 0 1 THM

e any binding expression is acceptable
SML

2 V_elim % expo[z,y:N]7 thmi;

ProofPower Output
val it =Vz,y : Nexxy>/(0
= {exp.z, exp.y} C N A true

= exp.Tz * exp.y > 0 . THM

24

The signatures of the bindings must match the

signature of the declaration exactly.
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Reasoning with Quantifiers Specialisation (II)

e where the signature of the declaration contains
only a single name an expression which has the
same type as that name may be offered:

SML

2 N_elim'% 45" 2_N_—_plusl _thm,;

ProofPower Output
val it =+ 45 € N A true

= - 45+ 1 =0:THM
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26

Goal Oriented Proof
Works exactly the same as for HOL.
Make sure you are in a Z theory.
Make sure you have a Z proof context.

Terms should be entered using Z quotes & .

Tactics for Quantifiers

z_strip_tac:

— eliminates outer universals in conclusions

— skolemises existential assumptions

— pushes in outer negations over universal conclusions

— pushes in outer negations over existential assump-
tions

z_spec_nth_asm_tac:

specialises universal assumptions

z_d_tac

eliminates existential conclusions
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Rewriting

Use same facilities as for HOL in appropriate
proof contexts.

Most rewrites arising from axiomatic descriptions
are effectively conditional, and the conditions
must be discharged to achieve the rewrite.

Forward chaining is often an appropriate way to
achieve such conditional rewriting.

Chaining

In appropriate proof contexts forward chaining
facilities with all in name work and stay in Z.
Other variants are liable to introduce hol
universals.
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Rewriting by Chaining - example

zZ_abs_thm is :

‘I—Vz’:Noabsz’zi/\abSNizi

Which, because quantified over N, is effectively a conditional
rewrite.

The proof of:

SML
set_goal([1,5V a : N e (abs a)x(abs ~a) = axa);

is therefore complicated by the need to establish the neces-
sary conditions for rewriting with z_abs_thm.

First we strip the goal:

SML
‘ a (REPEAT z_strip_tac);

ProofPower output
(x 1%) Lo<a

(x 7+ %) LDabs a x abs ~ a = a * a

Which places the necessary information in the assumptions.
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Rewriting by Chaining - example continued

Then we use forward chaining to establish unconditional
equations:

SML
‘ a (all_fe_tac [z_abs_thm]);

ProofPower output
(x 3%x) 50<a

(x 2 %) Sabs a=a'

(x 1 %) Sabs ~a=a'

.

(x ?F %) Labs a x abs ~ a = a * a

Then rewrite with these equations:

SML
‘ a (asm_rewrite_tacl[]);

‘pop-thm();

(which solves the goal)
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Exercises 2: Predicate Calculus

Try Exercises 2 in zed_course_work.doc.

Hints and further exercises may be found in section
7.1 of the Z Tutorial Manual.
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| ZApp

| ZX

| ZSetd

| ZSeta

31

31

The Z Language in ProofPower
expressions

(x function application Ef 7| *)
of TERM = TERM (x expressions *)
lambda expression E A 2N |z > 3 ex xz ] *)

of TERM (x declaration )
x TERM  (x predicate )
x TERM (% expression x)
(x definite description E L4 2:IN |z xx =4 e z | *)
of TERM (x declaration *)
x TERM (% predicate )
x TERM (% expression x)
(* let expression E let © = 9 o (2, z+2) L *)
of (string x TERM) list (x local definitions +
x TERM (% expression x)

(x power set construction, E IFD Z—I *)

N
*

of TERM (x expression x)

(x set display, E {1,2,3,4} B *)

of TYPE (x HOL type of elements x)
x TERM list (x expressions *)

(x set abstraction, E {:I;Z | 1<x<4 o xxz} —l*)

of TERM (x declaration *)
x TERM (% predicate )
x TERM (% expression x)
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The Z Language in ProofPower

expressions (continued)

| ZTuple (x tuple displays, E (1,2,3,4) B *)

| ZSelt

| Zx

| ZBinding (x binding displays E (people = {}, age = {}) B *)

| Z6

| ZSels

32

of TERM list (x expressions *)
(* tuple element selection, E (x,y).Q_| *)
of TERM (x expression *)

x int (x element number x)
(x cartesian product, E (Z X N) B *)
of TERM list (x expressions *)

of ( string (x component name *)
x TERM  (x component value %)
) list

(* theta term E OFile! *)

of TERM (x schema expression )
x string (* decoration *)

(x binding component selection E (e =1,0="4").b R *)

of TERM (x expression *)
x string (x component name *)

(x horizontal schema expression
E [2:7, | ©>0] B %)
of TERM (x declaration )
x TERM (% predicate x)
(x sequence display E (1,2,3) B *)
of TYPE (x type of elements x)
x TERM list (* wvalues of elements *)

32

Copyright © : Lemma 1 Ltd. 1992-2011



33

Function Application (I)

Applications of lambda abstractions can be eliminated by
(conditional) B-conversion.

SML
z_B_convy Wz X | Pzefuz)al

ProofPower outputval
‘Ualz'tzPa,anl—
‘ ANz:X|Pzeoefzx)a=/fa: THM

Other applications may be eliminated in favour of definite
descriptions.

SML
z_app_conv & f al;

ProofPower output
‘Udll'tzl—fa:’uf_a:U
| | (a, f_a) € f o f_a : THM

More commonly function applications will be eliminated by
rewriting with their definitions.
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34
Function Application (II)

For low level reasoning z_app_eq_tac is useful:

SML
set_goal([1,5 f a = v );
‘a Z_app_eq_tac;

ProofPower output

(x 2 %) SV foa:U| (a, foa) € f o foa = v)
A (a, v) € f

Here the first conjunct expresses the requirement that f is
functional at a.

If f is known to be a function this fact may be used more
directly with the assistance of the theorem z_fun_app_clauses:

val z_fun_app_clauses =
FVvfoU,z2:U;»v:U; X:U;, v:U
e (fe X +»Y
vVvieX=Y
VieX »Y
vieX Y
vieX—Y
vVvieX —>Y
vifeX—>»Y)
AN C(z,y) €F
= for=vy: THM

Which is most conveniently appplied using forward chaining.
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Function Application (III)

SML
drop_main_goal();

set_goal([], Ef eN—»Z =

(4, ~45) € f = f 4 = ~45);
a (REPEAT z_strip_tac);

ProofPower output

(x 2 %) EfGN—»Z—l
(+ 1%) S, ~45)ef’

(x 70 %) Zf 4=~ 45"

SML
‘ a (all_fc_tac [z_fun_app_clauses]);

| pop—_thm();

ProofPower output
‘Tactic produced 0 subgoals:

‘C’urremf and main goal achieved

Often it is necessary to establish that a function application is a member
of a set.

The theorem z_fun_e_clauses is of assistance in such cases:

val z_fun_€_clauses =
Vf:U;x:U;X:U;Y:U
e ((feX—-YVfeX—=>YVfeX >YVfeX—>Y)
NreX=>fzreY)
ANM(feX+»YVfieX—=>YVfieX-—»Y)
Nz €dom f=fzeY): THM
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Function Application (1V)

This too is best applied using forward chaining:

SML
‘set_gOal([],

CIX](Y b: bag Xe count[X] b € X — N));
‘a (REPEAT z_strip_tac);

ProofPower output
(x 1 %) 5b¢€ bag X!

(x ?F %) Lcount[X] b e X — N

36

We need the information from the declaration of count:

SML
‘ a (strip_asm_tac (z_gen_pred_elim

X Y (2_get_spec Lecount 1)));

ProofPower output

(x 3 %) 5b¢€ bag X'
(x 2 %) Lcount[X] € bag X »» X — N

(x ?F %) Lcount[X] b€ X — N

Now we can forward chain:

SML
‘ a (all_fe_tac [z_fun_€_clauses]);

wal bag_lemmal = pop_thm ();

ProofPower output
‘Tactic produced 0 subgoals:

‘C’urrent and main goal achieved
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Lambda Abstraction

For extensional reasoning:

SML
rewrite_conv [| 52 € N o: X | Pz o f z);

ProofPower outputval
wval it =FzeXz: X |Prefre
‘ 21 € X NP 2z1ANf 21 =22:THM

Lambda abstractions may be transformed into set abstrac-
tions.

SML
z_h_conv SNz X | Pzefal

ProofPower outputval

wal it =Xz X|[Pzefr=
| {z:X|Pxe(x,fzx)}: THM
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Definite Description

SML
zop_rule o p X | Pey T

ProofPower output

val it =V 2 U
e Vz:X|Pey=2a)
ANEFz:X|Pey=u2a)
= (uz:X|Pey)=2a: THM

Let Expression

SML
z_let_conv S let v = 9 o (2, 2 + )

ProofPower output

wal it =+
| (let c =9 e (x,2+2)=1(9,9+9): THM
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The Power Set Constructor

SML
z_€_P_conv E zelP y—';

ProofPower output
‘valz’tzl—zepy@
| (Val :Ueuxl € 2= 21 €y): THM

SML
rewrite_conv[]  z € P y 7,

ProofPower output
‘valz’tzl—zepy@zgy: THM

SML
rewrite_conv[z_C_thm] 5 2 e P y

ProofPower output

‘valz’tzl—zepy
| s NWrs:Uesez=2xcy): THM
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Set Displays

e sets may be entered as terms by enumeration:

SML
rewrite_conv [| > 5 € {1,2,9,4,5}

ProofPower output

‘val it =F5¢e{l,2, 38, 4,5} < true: THM

SML
rewrite_conv [| > = € {1,2,8,4,5} ",

ProofPower output

‘valitzl—xé{],?,3,4,5}<:>
‘:13:1\/:13:2\/:73:3\/$24\/:L’:51THM
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Set Abstractions

e sSets may also be entered as set abstractions:

SML
rewrite_conv[] % 9 € {z:N | z < 12} ",

ProofPower output
‘val it =
F9e{s:N|z<i12} & 9eNAI<I12: THM

SML
rewrite_conv[]y z € {z, y:N |z < y} ';

ProofPower Output
‘valitzl—ze{x,y:N|x<y}
e {21,22 CN Azl <22 THM

SML
rewrite_conv[]y 2z € {z, yN |z <y ez xy — 2}

ProofPower Output

‘valz’tzl—ze{x,y:N\x<yox*y—x}
‘ s @r,y:N|jz<yoexzxy—z=2): THM
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Tuples

SML
rewrite_conv[] & (z,y) = (a,b)

ProofPower output
‘val it =F (z, v) = (a, b)
| Sr=aANy=>b:THM

SML
rewrite_conv[] & (z,y).1";

ProofPower output
"UCLZ it =F (z,y).] =2z : THM

Bindings

SML
‘ rewrite_ conv|]

z@=ay=d)=@=d =07

ProofPower output
‘valitZI—(xﬁa,yﬁb)z(xﬁc,yﬁd)
‘ S a=cANb=d: THM

SML
rewrite_conv[] & (z = a, y = b).y |

ProofPower output
wal it =F (x =a,y =0b)y=1>0:THM

42
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Cartesian Products

SML
rewrite_conv[] & (a, b) € (z x y)

ProofPower output
wal it =F (a, b) € x y
‘ SaecxNbey: THM

SML
‘ rewrite_ conv|z_sets_ext_thm]

2 (@ x y) = (ax D)7

ProofPower output

‘itzl—xxyzaxb

‘ & Vz:Uezleagnz2cy
‘ Szl €aNz2€eb): THM

Theta Terms

SML
z_0_conv L OFile’ ;

ProofPower output
‘val it = F OFile’ =
‘ (age = age’, people = people’) : THM

SML
rewrite_ conv[2'0_def] & OFile’ ;

ProofPower output
wal it =& OFile’ =
‘ (age = age’, people = people’) : THM
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Binding Component Selection

Projection from binding displays is built in to proof context
2 _language.

SML
rewrite_conv[] & (z = a, y = b).y |;

ProofPower output

‘Ualitzl—(xéa,yﬁb).yzb:THM

Projection from theta terms is also built in to proof context
z_language.

SML
rewrite_conv[] & (OFile’).age ;

ProofPower output

wal it = (OFile’).age = age’ : THM
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Horizontal Schemas

SML
rewrite_conv[|>z € [z:Z;y:N]

ProofPower output
‘valitzl—zé[x:Z;y:N]
‘ s zxeliNzy € N THM

SML
rewrite_conv[]>(z = a, y = b) € [2:Z;y:N] ";

ProofPower output
‘valitZI—(an,yEb)E[x:Z;y:N]
| sacZNbeN: THM

Sequence Displays

SML
z_{)_conv S{a,b,c) ;

ProofPower output

‘val it =F (a, b, ¢) = {(1, a), (2,0), (3, ¢)} : THM

SML
once_rewrite_conv[]Zz € {(a,b,c) ;

ProofPower output

wal it =F 2z € (a, b, c) &
| z € {(1, a), (2,0), (5, c)} : THM
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EXxercises 3: EXxpressions

Try Exercises 3 in zed_course_work.doc.

Hints and further exercises may be found in section
7.2.1 of the Z Tutorial Manual.
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| Z—s

| ZAs

| ZVs

| Z=

| Z

| Z3,

| ZF1s

| ZVs

47

47

The Z Language in ProofPower
schema expressions (I)

schema mnegation E(—n File)2U 7 %)

of TERM (* schema expression *)
schema conjunction E(Fz’le A Fz'le?)g[u—l *)

of TERM x TERM (x schema expressions )
schema disjunction E(Fz'le Vv Fz’le?)gU—l *)

of TERM s TERM (x schema expressions )
schema tmplication E(Fz'le = Fz'le?)gU—l %)

of TERM x TERM (x schema expressions )
schema equivalence E(Fz’le & Fz'le,?)gU_] *)

of TERM s TERM (x schema expressions )

schema existential

E(H File3 | people = {} o Fz'le?)gU_' %)

of TERM (* declaration )

x TERM (% predicate *)

x TERM  (x schema expression x)
schema unique existential

5(31 File3 | people = {} e Fz'le,?)gU—l *)

of TERM (x declaration )

x TERM (% predicate )

x TERM (% schema expression x)
schema universal

E(V File3 | people = {} o Fz'le?)gU—l %)

of TERM (* declaration )

x TERM (% predicate *)

x TERM  (x schema expression x)
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The Z Language in ProofPower
schema expressions (II)

| ZDecors (x decoration E File " ! *)

| ZPre;

of TERM (x schema expression *)

x string (x decoration *)

(x pre—condition E pre Fz'leOp_] *)

of TERM (x schema expression )

| ZHides (x schema hiding E FileOp \s (age, z'?)—I *)

of TERM (x schema expression )

x string list (x component names x)

| ZRenameg (*x schema renaming

48

EF@'Z@ [aged / age, z'nput/z'?]—l *)

of TERM (x schema expression )

x (string = string) list  (x rename list x)
schema projection EFileOp rs Fz'le—l*)

of TERM = TERM (x schema expressions *)
schema composition EAF@'Z@ %5 AFile | *)

of TERM x TERM (x schema expressions *)
delta operation EAFile—l *)

of TERM (* schema expression x)
= operation EEFz'le—l *)

of TERM (x schema expression *)
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Schema Negation

Return to theory where we defined schema File:

SML
‘open_theory "usr023";

set_pc "z_language";

SML
rewrite_conv[]>z € (= File) ;

ProofPower output

val it = F z € (= File) & — z € File : THM

Schema Conjunction

SML
rewrite_conv[]Z>z € (File N File2)

ProofPower output

‘fual it =F z € (File N File2) <

‘ (age = z.age, people = z.people) € File N

‘ (height = z.height, people = z.people) € File2 : THM
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Schema Disjunction

SML
rewrite_conv[]z € (File vV File2) ",

ProofPower output
‘val it =F z € (File vV File2) <
‘ (age = z.age, people = z.people) € File V

‘ (height = z.height, people = z.people) € File2 :

Schema Implication

SML
rewrite_conv[]>z € (File = File2)

ProofPower output
‘val it = F z € (File = File2) &
‘ (age = z.age, people = z.people) € File =

‘ (height = z.height, people = z.people) € File2 :

THM

THM

50
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Schema Equivalence

SML

rewrite_ conv[]Zz € (File < File2) ',

ProofPower output
‘ val it

‘ (age

-z € (File & File2) <

z.age, people = z.people) € File <
‘ (height = z.height, people = z.people) € File2 : THM

Schema Existential
SML

rewrite_conv[]>z € (3 Filed | people = {} o File2) ",

ProofPower output
val it = F z € (3 File3 | people = {} o File2) <
(Fz1 :U o

((people = x1.people) € File3
A z1.people = {})

A (height = z.height, people = x1.people) € File2)
. THM

51
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Schema Unique EXxistence

SML
rewrite_conv[]>z € (3; File$ | people = {} o File2)

ProofPower output
val it = F z € (31 File3 | people = {} o File2) <
(3] rl U [
((people = x1.people) € File3
A z1.people = {})
A (height = z.height, people = x1.people) € File2)
. THM

Schema Universal

SML
rewrite_ conv[]Zz € (V File3 | people = {} o File2) ",

ProofPower output
val it = F z € (V File3 | people = {} o File2) <
(V21 : U
e (people = xl.people) € File3 N zl.people = {}
= (height = z.height, people = x1.people) € File2)
. THM
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Decoration

SML
rewrite_conv[]>z € File "

ProofPower output
‘fual it =+ z € (File”) &
‘ (age = z.age”, people = z.people”) € File : THM

Pre-Condition

SML
once_rewrite_conv[]Zz € (pre FileOp)

ProofPower output

‘val it = F z € (pre FileOp) <

‘ z € [age : U; 7 : U; people : U

‘ | 3 age’ : U; people’ : U o FileOp] : THM
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Schema Hiding

SML
once_rewrite_conv[]>z € (File \s (age)) ;

ProofPower output
‘?JCLZ it =F z € (File \s (age)) <
‘ z € [people : U | 3 age : U o File] : THM

SML
rewrite_ conv[]%z € (File \s (age))

ProofPower output

‘wl it =F z € (File \s (age))

‘ < (Fage : U e

‘ (age = age, people = z.people) € File) : THM
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Schema Renaming

SML
once_rewrite_conv[]>z € File[aged/age] ;

ProofPower output
‘val it = F z € (Flile [aged/age]) <
‘ (age = z.aged, people = z.people) € File . THM

Schema Projection

SML
once_rewrite_conv[]>z € (FileOp [s File) ", (x *)

ProofPower output
‘val it = F z € (FileOp [, File)
- & 2z € ((FileOp N File) \s (age', i?, people’)) : THM
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Schema Composition

SML
once_rewrite_conv[]>z € (FileOp 55 FileOp) ", (x %)

ProofPower output
val it =+ z € (FileOp o5 FileOp)
<~ Z
€ [age : U; 37 : U; people : U; age’ : U; people’ : U
| 321 :U; 22:U
e (age = age, age’ = x1, i? = i7?,
people = people, people’ = x2)
e FileOp
A (age = 1, age’ = age’, i? = i?, people = 2,
people’ = people’)
€ FileOp] : THM
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Delta

SML
once_rewrite_conv[]zz € (AFile) ", (x *)

ProofPower output
‘UCLZ it =F 2z € (A File) &
| z € [File; File'l : THM

Xi

SML
once_rewrite_conv[]zz € (ZFile) ', (x *)

ProofPower output
‘val it =F 2z € (5 File) &

| z € [File; File' | OFile = 0File'] :

57

THM
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EXxercises 4: Schema EXpressions

Try EXxercises 4 in zed_course_work.doc.

Hints and further exercises may be found in sec-
tions 7.2.2 and 7.2.3 of the Z Tutorial Manual.

The exercises show that these operators behave
in similiar ways to the predicate calculus versions,
and that reasoning is largely automatic.

Entering the goals is tricky because the parser
prefers the predicate calculus interpretation of the
connectives.
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Z Paragraphs

Fixity declarations

Given sets

Abbreviation definitions

Schema boxes

AXiomatic descriptions

Generics

Free types

Constraints
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Z Paragraphs
Paragraph Processing Modes and Flags

There are several different modes of processing Z paragraphs
which are controlled by flags.

60

e Type-checking Mode

If the flag z_type_check_only is set to true then only type
checking of Z paragrpahs is performed.

This makes the response faster, and permits greater flexibility in
amending paragraphs. This mode is suitable for use while develop-
ing specifications prior to undertaking any proof work.

Axiomatic Mode

If the flag z_use_azioms is set to true (and
z_type_check_only is set to false) then axiomatic descrip-
tions and free-type descriptions are introduced using ax-
ioms.

Conservative Mode

If both the above flags is set false then all Z axiomatic
descriptions are introduced using the ProofPower
new _specification facility, i.e. by conservative extension.

Consistency proof obligations, unless discharged automatically, will
have to be discharged by the user.

In a future release it is hoped that free-types will also be supported
by conservative extension.
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Fixity Declarations

Fixity declarations may be provided for:

e functions

Z
‘fun 10 twice _

Z
‘fun select ... from _

e generics

Z
gen _ swap -

e relations

Z
rel _ 1s_even

The optional numeric value is a priority.

_'"is a space for a parameter
‘..." is a space for a sequence of parameters (with sequence
brackets elided)

Fixity clauses can only be deleted by deleting the theory they
are contained in.
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Given Sets

Z

[G1, G2]

SML
val GI1_def = z_get_spec ZGI1T;

ProofPower output

val G1_def =+ GI = U : THM

SML
rewrite_conv [G1_def] 2z € G177,

ProofPower output

val it =+ z € G1 < true : THM
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Abbreviation Definitions

SML
‘val _ = set_flag("z_type_ check_only", false);

Z
‘XswapYéYxX

SML
val swap_def = z_get_spec S (_ swap _) "

ProofPower Output
‘val swap_def =

F X, YI(X swap YV =Y x X) : THM

SML
rewrite_ conv [swap_def] 72 swap N7

ProofPower Output
‘fualitZI—stapNZNxZ: THM

63 Copyright © : Lemma 1 Ltd.
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Schema Boxes

Sch
T,y L
z N
r=yVvViy==z=z
|
SML

val sch_def = z_get_spec 5 Sch ;

ProofPower Output
‘val sch_def = Sch =

‘ [z, y :Z;, 2 :N|z=yVvy=2]: THM

SML
‘ rewrite_ conv [sch_def]

OV z,y: 4, 2:N e Sch v disjoint ({z},{y},{z}) ",

ProofPower Output
val it =+ (Vz,y: 2Z; 2 N e Sch
Vv disjoint ({z}, {y}, {#}))
s Vo, y: 4 z: N
o[z,y:7Z; 2 N|z=yVy="7]
vV disjoint ({z}, {y}, {z})) : THM
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Generic Schema Boxes

Z
hDSUBS[X]
setl, set2: P X

setl N set2 = {}

SML
val dsubs_def = z_get_spec S DSUBS ',

ProofPower Output
wal dsubs_def = = [X](DSUBS[X] =

‘ [setl, set2 : P X | setl N set?2 = {}]) : THM

SML
‘ rewrite_conv [dsubs_ def]

Dv DSUBS[N] e set1 C N A set2 C N,

ProofPower Output
‘val it = F (V (DSUBS[N]) o set1 C N A set2 C N)

‘ & (V [setl, set2 : P N | setl N set2 = {}] o
| set]l C N A set2 C N) : THM
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AXxiomatic Descriptions

twice _ 1 — 1

Vi : 7 e twice i = 2xi

SML
val twice_def = z_get_spec E(th’ce _)—';

ProofPower Output
"UCLZ twice_def = + (twice _) € 4 — 7

| ANV i Zoe twice i = 2 x i) THM

SML
rewrite_ conv[twice_def] Stwice 4

ProofPower Output
‘Exceptz'on— Fail * no rewriting occurred

SML
set_goal([],5V n:Z. e twice n = 2xn);

‘ a (REPEAT z_strip_tac);

ProofPower Output
(x xxx Goal "" s** %)

(x 1 %) LnelZ’

(x ?F %) Dtwice n =2 x n'

SML
‘ a (fe_tac [twice_def]);

ProofPower Output
‘C’uw’ent and main goal achieved
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Generic Axiomatics

£ (X, v,2]
select ... from _ : (X < V) x (Y < Z2) - (Y < Z)

V indexed_set:(X < Y); relation:(Y < Z) e

(select ... from _) (indexed_set, relation)
= (ran indeved_set) <l relation

ProofPower output

val select_from_def =+ [X, Y, Z](

(select ... from _)[X, Y, Z]
cX—Y)x (Y 2)—>Y 7

N

(V indexed_set : X < Y, relation : Y < Ze
(select ... from _)[X, Y, Z] (indexed_set, relation)
= ran indeved_set <l relation)) : THM
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Free Types

Z
TREE ::= tip | fork (N x TREE x TREE)

SML
val tree_def = z_get_spec S TREE

ProofPower Output
‘val tree_def =+ TREE = U : THM

SML
val tip_def = z_get_spec Stip ;

ProofPower Output
val tip_def =+ (
tip € TREE
A fork € N x TREE x TREE »— TREE)

A disjoint ({tip}, ran fork)
A W P TREE |

{tip} U fork (N x W x W ) C We
TREE C W) : THM

63
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Mutually Recursive Free Types

Z
‘TYPE := Twar G1 | Tcon (G1 x seq TERM)

\&
'TERM ::= Con (G1 x TYPE) | App (TERM x TERM)

SML
val tvar_def = z_get_spec 5 Tvar ;

ProofPower Output
val tvar_def =+ (

Tvar € G1 — TYPE
A Tecon € G1 x (seq TERM) »— TYPE
A Con € G1 x TYPE — TERM
A App € TERM x TERM — TERM)

A (disjoint (ran Tvar, ran Tcon)

AN WP TYPE
| Tvar ( G1 ) U Tcon ( G1 x (seq TERM) ) C W
e TYPE C W))

A disjoint (ran Con, ran App)

AN W P TERM
| Con ( G1 x TYPE )U App (W x W ) C W
e TERM C W) : THM
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Constraints

Z
‘[X] ((3f : X — G1 e true)
‘ & (3f 1 X — G2 e true))

SML
‘val cl = get_azxiom "—" "Constraint 1",

ProofPower output
‘val cl =F [X]((3f: X — GI e true) <
‘ (3f: X — G2 e true)) : THM

Z
{1} swap {(1)} = {(1)} x {1}
‘ A Sch # [z, vy, z : Z]

Z

‘ tip £ fork(2, tip, tip) A
tip € TREE
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T heories

Z Theories contain the following information:

71

The theory name and the names of the theories
parents and children.

The names of types (given sets) declared in
the theory.

The names and types of ‘global variables’ de-
clared in the theory.

Fixity information.

Axioms or specifications corresponding to the
paragraphs of the Z specification introduced in
this theory.

A collection of saved theorems.
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Access to Z Theories

e TO use a theory it must be “in context”, this
can be achieved be opening the theory or one

of its descendents:
SML

open_theory . string —> unit;

e [0 display the contents of a theory:
SML

z_print_theory . string —> unit,

e TO get things from the theory:

SML
gel_aliases; get_ancestors; get_axiom; get_azxioms;

get_children; get_consts; get_defn;
get_defns; get_descendants; get_parents; get_thm,

get_thms; z_get_spec;

e [0 save things in the theory use Z paragraphs.
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EXxercises 5: Paragraphs and T heories

Try Exercises 5 in zed_course_work.doc.

Hints and further exercises may be found in section
7.3 of the Z Tutorial Manual.
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The Z ToolKit

Available as a set of six theories.

To get the Z ToolKit in context make z_library a parent.

The theories are:

zZ_sets
z_relations
Z_functions
z_numbers
Z_sequences

2_bags

These definitions have been entered in axiomatic mode.

74
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Sets and Relations

e Recommended proof context: z_rel_ext.

e High rate of automatic proof of lemmas in
these theories.

e Automatic proof fails if actual generic param-
eters are supplied.
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A Sample Proof About Sets (I)

SML

set_pc "z_library_ext",
set_goal([],za N (b \ ¢) = (anb)\ c);

a z_strip_tac;

ProofPower output
(x 7 *) EV:L‘] U o 21 cean((\ c)e xl Eaﬁb\c—l

SML
‘ a z_strip_tac;

ProofPower output
(x 7 %) Exl E[U/\tme:(a;] ean((b\ c) s xl Eaﬂb\c)—l

continuing only using z_strip_tac as follows:

ProofPower output
(x 7 %) Exléaﬂ(b\c)ﬁxl Gaﬂb\c—l

ProofPower output
(x 7 %) E(x] cean\c)=2a2l €and)\ c)

‘ Azl eanb\cec=azlc€an(b\c))'

ProofPower output
(¢ xkx Goal "2" sxx *)

(x ?F %) Ex]éaﬂb\c::c]éaﬁ(b\c)—l

(x sk Goal "1™ sx* x)

(+7F%) Satean(\e)=al€canb\c
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A Sample Proof About Sets (II)

ProofPower output
(x 3 %) Ea:] €a

(x 2 %) Exl e

(x 1 %) Eﬂa:ZEc_l

(x ?F %) ExZEaﬂb\c_l

ProofPower output

(x ?F %) Exléaﬂb/\xl%c—l

ProofPower output
(¢ xkx Goal "1.2" sxx x)

(+ 7F %) Dut g
(k skx Goal "1.1" sx% *)

(x ?F %) ExZEaﬂb—l

ProofPower output
‘(* sokk Goal "1.1" sk x)

(+ 7+ %) Dul eanazlebd

ProofPower output
(¢ sk Goal "1.1.2" sxx )

(x 7+ %) Dt eb’

(k kxx Goal "1.1.1" x*x x)
(x ?F %) Exl ca
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A Sample Proof About Sets (III)

ProofPower output
Tactic produced 0 subgoals:

Clurrent goal achieved, next goal is:

(x xxx Goal "1.1.2" *xx x)

ProofPower output
Tactic produced 0 subgoals:

(x x*xx Goal "1.2" *x* %)

ProofPower output

(x 7 %) S-ar e

ProofPower output
Tactic produced 0 subgoals:

(x x*xx Goal "2" x*x* %)

Current goal achieved, next goal is:

Clurrent goal achieved, next goal 1s:

(x ?F %) Ex]Eaﬂb\céwZEaﬂ(b\c)—l

Goal 2 being similar to goal 1 we complete its proof in one step:

SML
‘ a (REPEAT z_strip_tac);

ProofPower output
‘Tactz’c produced 0 subgoals:

‘C’urrent and main goal achieved

78
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A Sample Proof About Relations (I)

SML
set_goal([], 2P 4 (Q 9 R) = (P § Q) § R™);

a contr_tac;

ProofPower output
(¢ wkx Goal "2" sxx x)

(+ 4 %) (a1, y)e P

(« 3% 2, eQ]

(+ 2 %) S(y, 22) € RSchedule

(+ 1%) Wy:Ue=(1,y) e PA(y,22) €eQsR)’

(x ?F %) Efalse—l

(x sxx Goal "1" sxx x)

(x+ 4 %) (a1, y) e P
(x 3% Z(yv)eQ
(* 2%) L(y,22) e R
(+ 1%) Wy:Ue=(l,y) €ePyQAn(y,22) €R)’

(x ?F %) Efalse—l
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A Sample Proof About Relations (II)

SML
‘ a (all_asm_fc_tac[]);

ProofPower output
‘Tactic produced (0 subgoals:

‘Current goal achieved, next goal 1is:

SML
‘ a (all_asm_fc_tac[]);

‘pop-thm();

ProofPower output
Tactic produced 0 subgoals:

Current and main goal achieved

’Ual’l;tzl—P;QgR:(PgQ);RITHM
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Functions

e Automatic proof not very effective.

e Recommended proof contexts: 7

— Use z_fun_ext for extensional low level rea-
soning (expands out function arrows).

— Use z_lbrary for non-extensional reasoning.

— For extensional reasoning avoiding expan-
sion of function arrows merge ’z_fun_alg into
z_rel_ext.

— Use z_fun_77_clauses where appropriate in-
stead of expanding function arrows.

e Much further development expected.
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Numbers

Use proof context z_library.

T heory well populated with results.

Induction tactics available.

Linear arithmetic not yet available.

Theory of # not yet developed.
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Induction

Induction principles for Z can be expressed as mixed
language theorems in Higher Order Logic and Z

e.g.:

o 2_N_induction_thm
=V op
op L0
ANViei cLN'Api=pLi+ 1T
= (Vmem L N'"= pm): THM

o 2_/._induction_thm

=V op

opL 1
ANViepi=pL~i)
ANVijepiApj=pLi+4+jh
= (V. me p m) : THM

V_elim and all_B_rule may be used to specialise
these for use in forward proofs.
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Induction Tactics

Special tactics are available to facilitate the use
of induction principles:

e induction over natural numbers using
z_N_induction_tac

{I'}ze N=1

{ 1"} t[0/=];
strip{t, I'} t[z+1/x]

z_N_induction_tac &

e induction over integers using
z_Zi_induction_tac

{I}t
{ I' } t[1/a];
strip{t[i/z], I'} t[~i/z],
strip{tli/z] N tlj/z], I'} tlitj /]

_l

z_Ji_induction_tac & =
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Induction - Example (I)

SML
set_goal ([], 22 e N=z 4+ y > y);

a (z_N_induction_tac);

ProofPower output

(k xkx Goal "2" xxx )
(x 1 %) 20 <

(x70x%) 2G4+ 1) +y>y’

(k sxx Goal "1" xxx *)

(x 2k %) 20 4+ y >y’
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Induction - Example (II)

SML
set_qgoal ([], Gz x x > 07);

a (z_7Z_induction_tac Zx™);

ProofPower output

(x %% Goal "3" xxx *)
(x 2x%) 20 < i
(x 1 %) 20<j7%j

(« 7E %) Z0+ )« (0 +7) 2 07

(x % Goal "2" xxx *)
(x 1 %) 20 <7ix7q

(x 7 %) Gt x~ g > 07

(¢ *kxk Goal "1" s*x *)
(x?-%) %1 x1>0"
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SML
set_qgoal([|,5F =, vy : Z

THEN REPEAT strip_tac);

ProofPower output

(x %) zz <y
(x 2x%) S0 <a1’
(x 1 %) a1 <z

(x 7+ %) Ea:] < y_'

SML
‘z_g_tmns_thm;

ProofPower output

‘valz’tzl—Vz’,j,k:U

| i<jAj<kei<k:THM

SML
‘ a(all_fc_tac[z_<_trans_thm));

ProofPower output
‘Tactic produced (0 subgoals:

‘C’ur'rent and main goal achieved

r<y=0.2C0.y);
a(rewrite_tac[z_get_spec L (_ .. _) ]

87

87 Copyright © : Lemma 1 Ltd. 1992-2011



SML
set_pc "z_library_ext";

set_goal(1oV z, vy : Zie =2 < y =

0..yC0. z—17";
a(rewrite_tac[z_get_spec Z(_ .. 2)]
THEN REPEAT strip_tac);

ProofPower output

(x 3%) Zy<a'
(x 2%) 50 < a1
(x 1 %) a1 <y

(x?F %) Dot <2+~ 1"

SML
‘ a(all_fe_tac[z_<_less_trans_thm]);

ProofPower output

(x 4%) Zy<az'
(x 3%) Lo <a1’
(x 2 %) Zol <y
(x 1 %) Lol <z

(x?2F%) o1 <24+~ 1"

SML
‘ a(POP_ASM_T (ante_tac o

pure_once_rewrite_rule[z_ get _ specE(_ < _)—I] ));
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ProofPower output

(x 3%x) Ly<al

(x 2%x) 50 < a1
(x 1 %) Gal <y

(x 7k %) E$1+1§x:>x]§x—|—fv]—'

SML
‘a(once_rewrite_tac[z-<_<_0_thm]);

ProofPower output

(x 3%) Zy<a'

(x 2%) S0 <a1’
(x 1 %) Zzl <y

(x?2F%) S(@l + 1)+ ~2<0=
2l +~(@+~1)< 0

SML

a(rewrite_tac[z_V_elim S~ z

z_plus_order_thm,

‘ z_manus_thm));
ProofPower output

‘Tactic produced 0 subgoals:
‘C’ur'rent and main goal achieved
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Sequences and Bags

e All definitions present.

e [ heories otherwise undeveloped.

e [ heory of # required before development of
this theory.

e If necessary, pro-tem, we recommend adding
induction principles and other required results
for reasoning in this theory as ‘“constraints’.
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Exercises 6: Z ToolKit

Try EXxercises 6 in zed_course_work.doc.

Hints and further exercises may be found in section
7.4 of the Z Tutorial Manual.

91

7.4.1 Sets

(easy)

7.4.2 Relations

(start easy and get harder
solutions to last set incomplete)

7.4.3 Functions

(no so easy, some solutions missing)

7.4.4 Numbers and Finiteness

(middling to hard)
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CASE STUDY - Confidentiality

SML
open_theory" usr023";

new _theory" usr023C",

set_pc "z_lhibrary";

set_flag("z_type_ check_only", false);
set_flag("z_use_axioms", true);

[DATA]

STATE

Z
—
‘ classified_data :N - DATA
|

OPERATION

ASTATE,

Z
.
‘ clear? : N
|
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Z

hREAD
OPERATION:;
class? \}
data! : DATA

class? € dom classified_data;
class® < clear?:

data! = classified_data class?;
classified _data’ = classified _data

Z
hCOB/IPU_TE
OPERATION;

class? :N:

computation? (N -» DATA) — DATA

class? € dom classified_data;
class? > clear?;
classified _ data’
= classified_data @& {class? —
computation? ((0 .. clear?) < classified_data)}
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Pre-Condition Proofs

SML
set_goal ([], Spre OPERATION <

‘ classified_data € N « DATA A 0 < clear? ");

SML
‘a (rewrite_tac (map z_get_spec

[COPERATION ', LSTATE ));

ProofPower output

(x 7+ %) 5(3 classified_data’ : U
o (classified_data € N + DATA
A classified_data’ € N + DATA)
A 0 < clear?)
& classified_data € N - DATA A 0 < clear?
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SML
‘ a (REPEAT z_strip_tac

‘ THEN _TRY asm_rewrite_tac[]);

ProofPower output

(x 2 %) Lclassified_data € N + DATA™
(x 1 %) 50 < clear?’

(x 7= %) D3 classified_data’ : U e
classified_data’ € N - DATA'

SML
a (z_3_tac L{} ' THEN

‘ PC_T1 "z_library_ext" rewrite_tac[]);
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An Algorithmic Refinement

Z
hBADREAD
OPERATION ;
class? ‘N
data! : DATA

READ v

(class? > clear?;

data! = classified_data class?;
classified _data’ = classified _ data)

SML
set_goal([],

C(pre READ = pre BADREAD)
A (pre READ N BADREAD = READ));

a (rewrite_tac (map z_get_spec

[CBADREAD™, CREAD™, COPERATION, CSTATE));

a (REPEAT z_strip_tac THEN rename_tacl]
THEN asm_rewrite_tacl[]);
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ProofPower output

*) Eclassiﬁed_data e N & pATA!
%) Sclassified_data’ € N «+ DATA
*) EO < clear? |

*) EO < class? |

Edata! € DATA

*) Eclass? € dom classz’ﬁed_data—l

*) Eclass? < clear?

—~
*

\S Lo+~ O S ~ Co Ne)
*
~

*) Edata! = classified _ data class? !

Eclassiﬁed_data’ = classiﬁed_data—l

N
*
~
*

—

(x ?F %) EEI classified_data” - U; datav : U

o (classified_data” € N + DATA
A dataV € DATA)

A ((classified_data” € N + DATA
A dataV € DATA)
A dataV = classified _data class?
A classified_data” = classified _data
V clear? < class?
A dataV = classified _data class?

A classified_data” = classz’ﬁed_data)—l
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SML
a (z_3_tac E

(classified_data” = classified_ data,

data) = classified _ data class?)—I
THEN asm_rewrite_tac[]);

ProofPower output

(x 9 %) Eclassiﬁed_data e N - pATA !
(x 4 %) Eclass? € dom classzﬁed_data—l

(x ?F %) Eclassiﬁed_data class? € DATA

A (classified_data class? € DATA V clear? < class?)—l

I—Vf:U;x:U;X:U;Y:U
e ((feX—-YVfeX—>YVfeX >»>YVfeX—>»Y)
N eX=fzxeY)
ANl(feX+»YVfifeX—>YVfieX YY)
ANz €domf=fzeY): THM

SML
‘ a (all_fe_tac [z_fun_€_clauses]

THEN REPEAT strip_tac);
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Base Types

SML
open_theory "usr023C™";

Z
| [IN,0UT]

Z
STATE2 = N + DATA

Z
| SYSTEM = (N x IN x STATE?2)

| — (STATE2 x OUT)
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Critical Property

Z
out_secure : P SYSTEM

Vsys:SYSTEMe sys € out_secure <

(V clear:N: inp:IN; s,s":STATE?
| (0 .. clear) < s = (0 .. clear) < ¢
e second (sys (clear, inp, s))

= second (sys (clear, inp, s')))

Z
state_secure : IP SYSTEM

Vsys:SYSTEMe sys € stalte_secure <

(Vclass, clear:N; inp:IN: s,s":STATE2
| ((0 .. class) <1s) = ((0 .. class) <] s')
o (0 .. -class) <1 (first (sys (clear, inp, s)))
= (0 .. class) < (first (sys (clear, inp, s'))))

Z
secure . P SYSTEM

Vsys:SYSTEMe sys € secure <
sys € state_secure N\ Ssys € out_secure

100
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Secure Architecture

Z
‘ APPLICATION = (IN x STATE?2)

| — (STATE2 x OUT)

Z
KERNEL = APPLICATION — SYSTEM

Z
construction : APPLICATION x KERNEL — SYSTEM

Vappl:APPLICATION; kernel: KERNELe
construction (appl, kernel) = kernel appl

Z
secure_kernel : P KERNEL

V kernel: KERNFELe kernel € secure_kernel <
(Vappl:APPLICATION o
(construction (appl, kernel)) € secure)
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Architectural Correctness

SML

set_goal([],5Vkernel: KERNEL; appl: APPLICATION o
‘ kernel € secure_kernel =

‘ (construction (appl,kernel)) € secure ');

SML
‘val secure_kernel_sim = z_defn_simp_rule

(z_get_specS secure_kernel );

ProofPower output
val secure_kernel_sim = + V kernel : U e

kernel € secure_kernel <
kernel € KERNEL
A (V appl : APPLICATION e

construction (appl, kernel) € secure) : THM

SML
‘ a (rewrite_tac[secure_kernel_sim]);

ProofPower output
(x ?F %) DV kernel : KERNEL; appl : APPLICATION
o kernel € KERNEL

A (Y appl : APPLICATION

e construction (appl, kernel) € secure)
-

= construction (appl, kernel) € secure
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SML
‘a (REPEAT strip_tac);

ProofPower output
(x 3 %) Lkernel € KERNEL'

(x 2 %) Sappl € APPLICATION
(x 1 %) SV appl : APPLICATION e

construction (appl, kernel) € secure

(x 7+ %) Sconstruction (appl, kernel) € secure

SML
‘ a (all_asm_fc_tac[]);

ProofPower output
‘Tactic produced 0 subgoals:

‘C’uw’ent and main goal achieved
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A Secure Kernel

Z
kernel_implementation : KERNEL

V clear:N; inp:IN;
state:STATE?Z; appl: APPLICATION e

kernel_implementation appl (clear, inp, state) =

( state @ ((0 .. (clear—1)) <

(first Cappl (inp, (0 .. clear) < state)))),
second (appl (inp, (0 .. clear) <l state)) )
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Arithmetic Lemmas

SML
set_pc "z_library_ext",

SML
set_goal (], EV T,y 7 ez <y= (0. 2) (0. y)—l);
a (rewrite_tac[z_get_spec E(_ . _)—I]

THEN REPEAT strip_tac);

a (all_fc_tac[z_<_trans_thm]);
val le_dots_lemmal = pop_thm ();

SML
set_goal (], EV g,y Lie—z<y=(0.y)C (0. (z— Z))—I);
a (rewrite_tac[z_get_spec E(_ . _)—I]
THEN REPEAT strip_tac);
a (all_fc_tac[z_<_less_trans_thm]);
a (POP_ASM_T (ante_tac o pure_once_rewrite_rule
[2-get_specz (- < =) D);

a (once_rewrite_tac[z_<_<_0_thm]);

a (rewrite_tac[z_V_elim EN 7| z_plus_order_thm, z_minus_thm));

val le_dots_lemma2 = pop_thm();

SML
‘val x _fc_thm = prove_rule []

E(v viU; wlU; v:U; w:U e
‘ veEVAweW= (vw) e (V x W))—I
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Kernel Security Proof

SML
‘ set_pc "z_sets_alg";

set_goal([],Ekemel_implementatian € secure_kemel—l);

ProofPower output

(x ?F %) Ekernel_z’mplementation € secure_kernel |

SML
val specs = map (z_defn_simp_rule o z_get_spec)

[Esecure_kemel—l, Esecure_', Estate_secure—l, Eout_secure—l];

a ( rewrite_tac specs
THEN REPEAT strip_tac);

ProofPower output
Tactic produced 6 subgoals:

(x xxx Goal "0" x** *)

(+ 6 %) Lappl € APPLICATION
(x & %) Eclear e N
4 %) Sinp e IN
(+ 3 %) Lse STATE2
2 %) s € STATE?
(% 1 %) E(O . clear) <l s = (0 .. clear) <] s

(x ?F %)

E(constmctz’on (appl, kernel_implementation) (clear, inp, s)).2

= (construction (appl, kernel_implementation) (clear, inp, s’)).,?—l
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A Secure Kernel

(k wkx Goal "4" skx *)

(+ 7 %) Sappl € APPLICATION
(x 6 %) Eclass e N

(x & %) Eclear e N
(x+ 4 %) Sinp € IN'
(* 3 %) s e STATE2 '
(+ 2 %) s € STATE2

(% 1 %) E(O . class) < s = (0 .. class) <] s

(x ?F %) E(O .. class)

< (construction (appl, kernel_implementation)
(clear, inp, s)).1
= (0 .. class)

< (construction (appl, kernel_implementation)
(clear, inp, s’)).l—I

ProofPower output

(x xxx Goal "2" *xx x)

(+ 1 %) appl € APPLICATION

(x ?F %) Econstructz’on (appl, kernel_implementation) € SYSTEM
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ProofPower output

(¢ wkx Goal "1" skx )

(x ?F %) Ekernel_z’mplementation ¢ KERNEL '

The subgoal 2 duplicates goals labelled 3, 5
The subgoal 3 duplicates goals labelled 2, 5

SML
val [condec, conpred] = strip_A_rule (z_get_spec Econstmction—l);

val [kidec, kipred] =

strip_N_rule (z_get_spec Ekernel_implementation—l);

ProofPower output
val condec = + construction &€

APPLICATION x KERNEL — SYSTEM . THM
val conpred =

=V appl : APPLICATION; kernel : KERNEL
e construction (appl, kernel) = kernel appl : THM

val kidec = & kernel_implementation € KERNEL . THM
val kipred =

SML
la (strip_asm_tac kidec);

ProofPower output
‘Tactic produced 0 subgoals:

‘C’urrent goal achieved, next goal is:
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ProofPower output
(+ 1 %) appl € APPLICATION

(x ?F %) Econstructz’on (appl, kernel_implementation) € SYSTEM

SML
a (asm_tac kidec THEN asm_tac condec);

o (LEMMA_T
E(appl, kernel_implementation) € (APPLICATION x KER]\/'EL)_|

asm_tac
THEN1 contr_tac);

ProofPower output

(* 2 %) Sconstruction € APPLICATION x KERNEL — SYSTEM
(x 1 %) E(appl, kernel _implementation) € APPLICATION x KERNEL

(x ?F %) Econstruction (appl, kernel_implementation) € SYSTEM

SML
‘ a (all_fe_tac [z_fun_€_clauses]);

This discharges the current subgoal.

ProofPower output
‘Tactz’c produced 0 subgoals:

‘C’urrem‘ goal achieved, next goal 1is:
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ProofPower output
(+ 7 %) appl € APPLICATION

(x 4 %) Einp e IN !
(x 1 %) E(O . class <] s) = (0 .. class <l 3’)—|

(x 7 %)
5(0 .. class <] (construction
(appl, kernel_implementation)
(clear, inp, s)).1)
= (0 .. class <] (construction
(appl, kernel_implementation)

(clear, inp, s’)).])—I

SML
‘ a (strip_asm_tac kidec);

‘a (ALL_FC_T asm_rewrite_tac [kipred, conpred]);
ProofPower output

(+ 8 %) appl € APPLICATION

(x 2 %) E(O . class) <l s = (0 .. class) <] s
(x 1 %) Ekernel_implementation € KERNEL''

(x ?F %)
C(0 .. class) <1 (s ® (0 .. clear — 1) <
(appl (inp, (0 .. clear) <1 5)).1)
= (0 .. class) < (&' ® (0 .. clear — 1) <]
(appl (inp, (0 .. clear) <] s")).1)
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If Dclear<class ' then:

D(0..clear)C(0..class)
and, given:
D(0..class)<Is = (0..class)<ls""'
we can conclude that:
Z(0..clear)<ls = (0..clear)<ls'"

This fact may be used to rewrite the goal, changing the sec-
ond occurence of s to s’. The resulting goal will be provable
using:

D(0..class)<ls = (0..class)<1s'
once more, with the theorem:

Doz = 22 =20<1(20y) = 2<1(Z/Dy) !

If D—clear<class ' then:

D0..classC0..(clear — 1)

and the theorem:

C(ACB)=(A<1z) = (A<17)
— (A<1(z®(B<15))) = (A<(Z®(B<s")))

suffices to prove the subgoal.
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SML
a (cases_tac Eclear < class_l);

ProofPower output
Tactic produced 2 subgoals:

(x sk Goal "4.1" sxx %)
(+ 9 %) Sappl € APPLICATION

(x 3 %) E(O . class) <l s = (0 .. class) <] s
(x 2 %) Ekernel_implementatz’on ¢ KERNEL''

(x 1 %) E clear < class |

(x ?F %)
5(0 . class) < (s ® (0 .. clear — 1) <]
Cappl (inp, (0 .. clear) <] s)).1)
= (0 .. class) <] (s’ @ (0 .. clear — 1) <]
Cappl Cinp, (0 .. clear) <l ')).1) "

SML
a (fc_tac [rewrite_rule[z_get_ specEZ—l]

‘ le_dots_lemmall);
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ProofPower output

(x 10 ) Sappl € APPLICATION

(% 4 %) E(O . oclass) < s = (0 .. class) < s’
(x 3 %) Ekemel_implementation € KERNEL'
(x 2 %) Eclear < class |

(x 1 %) EO .. clear C 0 .. class |

(x ?F %) E(U .. class) <] (s @ (0 .. clear — 1)
<] (appl (inp, (0 .. clear) < 5)).1)
= (0 .. class) <l (s’ @ (0 .. clear — 1)

<l (appl (Ginp, (0 .. clear) <] §')).1)

SML
val set_lemma_1 = pc_rulel "z_rel_ext" prove_rule []

E\V/A,BZU;QZ,I’,:UO

ACB=B<D)=B<r)=>A<z)=(A<)"

a (ALL_FC_T asm_rewrite_tac[set_lemma_1]);

113
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ProofPower output

(x 10 ) Sappl € APPLICATION
(% 4 %) E(O . class <1 s) = (0 .. class <1 &) "

(x 3 %) Ekemel_z’mplementation € KERNEL''

(x 2 %) Eclear < class |

(x 1 %) EO .. clear C 0 .. class |

(x ?F %)
5(0 . class) <] (s @ (0 .. clear — 1) <]

(appl (inp, (0 .. clear) <] s')).1)
= (0 .. class) < (8" @ (0 .. clear — 1) <

Cappl Cinp, (0 .. clear) <l s')).1) "

SML
val set_lemma_2 = pc_rulel "z_rel_ext" prove_rule[]

EVA:U;x,x’,y:Uo

A<]$=A<]$’:>A<](x@y):AQ(x’@y)—l;

a(ALL_FC_T asm_rewrite_tac[set_lemma_2]);
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state secure - second case

ProofPower output
(¢ k% Goal "/.2" sxx x)

(+ 9 %) Sappl € APPLICATION

(x+ 3 %) E(O . class <1 s) = (0 .. class <1 &) "
(x 2 %) Ekem@l_z’mplementatwn € KERNEL''

(x 1 %) Eﬂ (clear < class)

(x ?F %)
E (0 .. class) <l (s @ (0 .. clear — 1) <]

Cappl (inp, (0 .. clear) <] s)).1)
= (0 .. class) <] (s' ® (0 .. clear — 1) <]

Cappl Cinp, (0 .. clear) <l s')).1) "

SML
(x xxx Goal "4.2" *x*x %)

val set_lemma_3 = pc_rulel "z_rel_ext" prove_rule(]
EV A,B:U; a:,a:’:U; st,st’:U °
Alz=A<2 = (ACB)

A<l GaBAst)=4< G o Bst)) "
a (FC_T (MAP_EVERY ante_tac)

[rewrite_rule[z_get_ specEZ—l] le_dots_lemma?2]

THEN asm_ante_tac E(O .. class) <] s = (0 .. class) <l s ]

THEN rewrite_tac [set_lemma_3]);

115
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The out_secure Subgoal

ProofPower output
(x xxx Goal "0" *xx %)

(+ 6 %) appl € APPLICATION
(x 5 %) Eclear e N

(x+ 4 %) inp € IN
(* 3 %) s e STATE
(+ 2%) s € STATE

(x 1 %) E(O . clear) < s = (0 .. clear) <l s

(x ?F %)

E(constructwn (appl, kernel_implementation) (clear, inp, s)).2

= (construction (appl, kernel_implementation) (clear, inp, 3’)).2—|

SML
‘a (MAP_EVERY asm_tac [condec, kidec] THEN

‘ ALL_FC_T asm_rewrite_tac [conpred, kipred]);

SML
‘fual kernel_secure_thm = pop_thm();

ProofPower output
‘val kernel_secure_thm =

‘ - kernel_implementation € secure_kernel : THM
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A VVending Machine

SML
repeat drop_main_goal,

open_theory "usr023";
new_theory "usr023V ",
set_flags |
("z_type_check_only", false),
"z_use_axioms", true)

I;

price ‘N

VMSTATE

stock, takings ‘N

1

VM _operation
AVMSTATE:;
cash_tendered?, cash_refunded! ‘N:

Z
—
‘ bars_delivered! N
|
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Vending Machine Operation Pre-conditions

Z

hexact_cash
cash_tendered? :N
cash_tendered? = price
Z . .
hmsuﬁiczemﬁ_ cash
cash_tendered? N
cash_tendered? < price
Z
hsome_stock
stock ‘N
stock > 0
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Vending Machine Operations

Z
— VM _sale
VM _operation

stock! = stock — 1;
bars_delivered! = 1;
cash_refunded! = cash_tendered? — price;

takings’ = takings 4+ price

— VM _nosale

VM _operation

stock! = stock;

0;
cash_refunded! = cash_tendered?;

bars_ delivered!

takings’ = takings

Z
VM1

>

exact_cash N some_stock N VM _sale

Z
‘ VM2 = insufficient_cash N VM _nosale

Z
\ VMS

1>

VM1 v VM2
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EXxercises 7 : Vending Machine

Turn to Exercises 7 in zed_course_work.doc

1. Prove that the schema VM3 is non-empty. i.e., prove:
‘EI VMS e true

Hints:

(2)

Set the proof context to work with set extensionality by using:

‘ set_pc "z_library_ext";

120

(b)
(©)
(d)

(e)

(f)
(9)

Prove this by contradiction using contr_tac.
Try specialising VM3 with a suitable witness.

Does your witness provide values for cash_tendered?, stock, stock’,
takings, takings’, cash_refunded!

and bars_delivered! ?

Is the conclusion false?

If so, try using swap_asm_concl_tac to help simplify the goal.
Try rewriting with the all the definitions.

Does your goal contain a disjunct, 0<price ?

If so try strip_asm_tac price and rewriting with the assumptions.

Copyright © : Lemma 1 Ltd. 1992-2011



121

Exercises 7 (cont.) : VM Refinement Proof

This exercise is concerned with proving that VM3 is a re-
finement of VM1. This is a two stage proof.

2. It is useful to prove a lemma that stating that the pre-
conditions insufficient_cash and ezxact_cash are disjoint.
i.e., prove:

‘—. (insufficient _cash N exact_cash)

Hints:

(a) Set the proof context to work with set extensionality by using:

‘ set_pc "z_library_ext";

(b) Try rewriting with all the definitions.
(c) If the goal contains inequalities, try rewriting with the spec-
ification of <. e.g., use z_get_spec. (Avoid looping by using

pure_rewrite_tac.)

(d) z_minus_thm and plus_assoc_thm may be useful to normalize any
arithmetic expressions.

(e) Repeatedly stripping the goal might be too aggressive; try

stripping it in steps, looking for likely opportunities for rewriting
with the assumptions.

3. Show that VM3 is a refinement of VAMI. i.e., prove
‘(pre VM1 = pre VM3) A (pre VM1 N VM3 = VMI)

Hints:

(a) Try rewriting with some of the top-level definitions; the goal
can be proved without rewriting will all the definitions!

(b) The lemma proved in part 1 of this exercise will be useful.

(c) If you're stuck, try stripping the goal and seeing what you get.
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Exercises 7 : Solutions

For convenience we bind the various specifications to ML variables:

SML
val [ price, VMSTATE, VM _operation,

exact_ cash, insufficient _cash, some_stock,
VM _sale, VM _nosale, VM1, VM2, VM3 ]

= map z_get_spec | Epm’ce—l, EVMSTATET, EVM_Opemtion—l,

Eezact_cash_', Einsuﬁ%ient_cash_', Esome_stock—l,

D VM _sale ', S VM _nosale |, LvM1 ', Svme T, Svms T,

SML
set_pc "z_lLibrary_ext",

set_goal([], EEI VMS e true—l);
a(contr_tac);

a(z_spec_asm_tac EV VM3 e false—l

E( cash_tendered? = price,
stock = 1, stock! = 0,
takings = 0, takings' = price,
cash_refunded! = 0,
bars_delivered! = ])_l);
a(swap_asm_concl_tac
E_' (bars_delivered! = 1, cash_refunded! = 0, cash_tendered? = price,
stock = 1, stock' = 0, takings = 0, takings’ = price)
€ VMS’—');

122
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Exercises 7 : Solutions (cont.)

Proofpower output
(x *xx Goal "" **x x)

(+ 1 %) LV VM3 e false

(x ?F %) E(bars_delz'vered! = 1, cash_refunded! = 0,

cash_tendered? = price, stock = 1, stock! = 0,

takings = 0, takings' = price)

e VM3
SML
a(rewrite_tac[ VM1, VM3,
exact_cash,

some_stock, VM _sale, VM _operation, VMSTATE]);

a(strip_asm_tac price);
a(asm_rewrite_tacl]);
val VM3 _non_empty = pop_thm ();
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Exercises 7 : Solutions (cont.)

SML
set_goal([], E—u (insufficient _cash A exact_ cash)—l);

‘a (rewrite_tac [insufficient_cash, exact_cash]);

ProofPower output
((0 < cash_tendered?

A cash_tendered? < price)
A 0 < cash_tendered?

A cash_tendered? = pm’ce)—l

SML
a (pure_rewrite_tac [z_get_spec E(_ <)

a (rewrite_tac [z_plus_assoc_thm1l]);

a (rewrite_tac [z_minus_thm, z_plus_assoc_thm1]);
a (REPEAT_N 8 z_strip_tac);

a (asm_rewrite_tac(]);

val cash_lemma = pop_thm ();
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Exercises 7 : Solutions (cont.)

To prove the refinement, the previous lemma is useful.

SML
set_goal([], E (pre VM1 = pre VM3) A (pre VM1 N VM3 = VMI)—l);

‘a (rewrite_tac [VM1, VM2, VMS3]);

ProofPower output
(x 7F %) S(
(3 bars_delivered! : U,
cash_refunded! : U;
stock’ : U;
takings’ : U
e cxact_cash A some_stock N VM _sale)
= (3 bars_ delivered! : U;
cash_refunded! : U,
stock’ - U;
takings’ : U
e cract_cash N some_stock N VM _sale
V insufficient_cash N VM _nosale))

A ((3 bars_delivered! - U;
cash_refunded! : U;
stock’ : U;
takings’ : U
e cxact_cash N some_stock N VM _sale)

A (exact_cash A some_stock N VM _sale
V insufficient_cash N VM _nosale)

= exact_cash N some_stock N VM_sale)—l
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Exercises 7 : Solutions (cont.)

SML
‘ a (strip_asm_tac cash_lemma

‘ THEN asm_rewrite_tac(]);

ProofPower output
(x 1 %) Eﬂ insuﬁﬁcz’ent_cashj

(x ?F %) E(EI bars_ delivered! : U;

cash_refunded! : U;
stock' : U:
takings’ - U
e cxact_cash N some_stock N VM _sale)

A exact_cash

A some_stock
A VM _sale

= exact_cash N some_stock A I/M_sale_|

SML
‘ a (REPEAT z_strip_tac);

‘val VM3 _refines_ VM1 = pop_thm ();
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Vending Machine Correctness Property

Next we express the requirement that a vending machine
does not undercharge:

VM_ok : P P VM_operation

YV vm : [P VM _operatione
vm € VM _ok &
(VY VM _operation e vm =
takings’ — takings > price x (stock — stock’))
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Exercises 8 : Correctness Proof

1. Prove that the Vending Machine VM3 does not under-
charge. i.e., prove:

‘ VM3 € VM _ok

Hints:

(a) Set the proof context to work with set extensionality
by using:

set_pc "z_library_ext";

(b) You will probably need to rewrite the goal with all
the definitions.

(c) Try stripping the goal.

(d) Do you think that the conclusion is true by dint of
arithmetic reasoning?

If so, you might want to try rewriting with theorems
such as z_minus_thm and/or z_plus_assocl _thm.

(e) z_plus_order_thm may also be useful. You will need
to specialise this to some appropriate values if you
are going to rewrite with it.
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Exercises 8 : Solutions

Before using the definition of VM_ok we convert it into an unconditional
rewrite.

SML
val VM _ok = z_defn_simp_rule (z_get_spec EVM_ok_]);

ProofPower output
val VM_ok =+ VY vm : U
o vm € VM_ok

o ome P VM _operation
A (V VM _operation
e vm = takings’ — takings > price * (stock — stock’)) : THM

We now prove that VM3 is a VM_ok.

SML
set_pc"z_library_ext";

set_goal([], EVMS’ € VM_Ok—l);

a (rewrite_tac [VMI1,VM2,VM3,VM _ok, VM _sale, VM _nosale,
VM _operation, VMSTATE]);
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Exercises 8 : Solutions (cont.)

SML
‘ a(REPEAT z_strip_tac THEN asm_rewrite_tac[]);

Which considerably simplified the problem:

ProofPower output

(x 2 %) Ecash_refunded! = cash_tendered? 4+ ~ prz'ce—l

(x 1 %) Etakmgs’ = takings + price—l

(x 7 *) Epm’ce x (stock + ~ (stock + ~ 1)) <

(takings + price) + ~ takmgs—l

To solve this arithmetic problem, we simplify the lhs of the inequality by
1. pushing in the minus sign

and

2. associating the additions to the left
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Exercises 8 : Solutions (cont.)

SML
‘a (rewrite_tac [z_minus_thm, z_plus_assoc_thm1l]);

which gives the conclusion:

Proofpower output
(* 7 %) Epm’ce < (takings + price) + ~ takings_|

To solve this problem we move EN takz'ngs—l left to place it next to takings.

For this we specialise z_plus_order_thm:

SML
zZ_plus_order_thm;

ProofPower output
val it = FVi:U
ev i, k:U
ojt+i=1i+]
NG+ +E=i+5+k
ANl +i1+k=114+5+k: THM

131 Copyright © : Lemma 1 Ltd. 1992-2011



132

Exercises 8 : Solutions (cont.)

SML
z_N_elim EN talcz’ngs_| z_plus_order_thm;

ProofPower output
val it =+ ~ takings € U A true
= (v, k: U
e | + ~ takings = ~ takings + j
A (~ takings + j) + k = ~ takings + j + k
A j + ~ takings + k = ~ takings + j + k) : THM

SML
a (rewrite_tac [z_V_elim EN takmgs—l z_plus_order_thm]);

‘ a (rewrite_tac [z_plus_assoc_thm1l]);

SML
val VM3 _ok_thm = pop_thm();
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