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1 INTRODUCTION

This document contains the beginnings of a theory of complex arithmetic in ProofPower-HOL.

After some preliminaries, section 2 introduces the field operations and the embedddings of the real
numbers and of conjugation (which help to abbreviate the definition of reciprocals). We then define
the derived operations of binary subtraction and division and the embedding of the natural numbers.

In section 4 we introduce the topology on the complex numbers and define the exponential mapping
of the real line onto the unit circle.

A proof script contained in the source of this document but hidden from the printed document
proves several theorems about the complex numbers. A listing of the theorems proved is given in
appendix A.

We prove that the complex numbers form a field and prove some elementary algebraic properties
of complex conjugation and of the embeddings of the natural numbers and the real numbers in the
complex numbers. The proofs of these basic algebraic properties generally comprise little more than
simplifying using definitions and standard theorems and then application of the decision procedure
for linear arithmetic to prove the resulting problem of real algebra. One exception is proving that
2271 = 1, which requires a few lines of reasoning about real squares.

The proof scripts then go on to develop basic facts about the exponential mapping of the real line
onto the unit circle, leading up to the important fact that it is a covering projection.

2 THE ALGEBRA C

2.1 Preliminaries

The following commands set up a theory to hold the definitions, theorems, etc. The theory has the
theory of analysis defined in [1] for its parent, although the elementary algebraic theory only needs
one or two little theorems about squares.

SML

force_delete_theory "C" handle Fail - => ();
open_theory "analysis";

new_theory "C";

new_parent "homotopy";

new_parent "group_egs";

Now set up a convenient proof context:
SML

‘set-merge-pcs["basic-hol] nowgn VR Vsets_alg"|;

2.2 The Type C

The type C comprises pairs of real numbers. We capture this in a type abbreviation:

SML

declare_type_abbrev("C", [], "R x R7);



We declare aliases for the instances of the projection functions that give the real and imaginary part
of a complex number:

SML

‘app declare_alias |

‘ ("Re", "Fst : C — R7),

‘ ("Im", "Snd : C — R")];

2.3 Algebraic Operators

2.3.1 Addition

SML

‘ declare_infix (300, "+c");

HOL Constant

$+c:C—-C = C

Vzw:Cez+¢cw=(Rez+ Re w, Im z+ Im w)

SML

‘ declare_alias("+", "$+¢7);

2.3.2 Negation

HOL Constant

SML

‘ declare_alias("~", T~c7);

2.3.3 Multiplication

SML

‘ declare_infiz (310, "*xc");

HOL Constant

$xc :C - C = C

|
|
‘Vzw Ce

‘ zxc w= (Rezx*x Rew— Im zxIm w, Re zx Im w+ Im z * Re w)
SML

‘ declare_alias("*", "$xc7);



2.3.4 Embedding of the Real Numbers

HOL Constant

Vze RC z = (z, NR 0)

HOL Constant

Re:R - C

Vze Ry z = (NR 0, )

2.3.5 The Imaginary Unit

HOL Constant

2.3.6 Conjugation

SML

‘ declare_postfiz(320, "-");

HOL Constant

-:C—>C

|
|
‘V z:Ce z - = (Re z, ~(Im z))
2.3.7 Reciprocal

SML

‘ declare_postfiz (320, "~1Cn);

HOL Constant
-¢.c-cC

Yoz z 71¢ =2 - x RC(Re (2 % 2z -)

SML

‘declare_alms("*l ", rgm 1Oy,

2.3.8 Subtraction

SML

declare_infix (300, "—c");



HOL Constant

$—c:C—>C—-C

2.3.9 Division
SML

‘ declare_infix (315, "/ c");

HOL Constant

$/c :C—-C—=C

Vzw:Cez /cw=2zx (w1

SML
‘ declare_alias(" /", "$/c7);

2.3.10 Embedding of the Natural Numbers

HOL Constant

NC: N —= C

Vme NC m = RC(NR m)

HOL Constant

Ne: N - C

Vme Nue m = (0., NR m)

2.3.11 Exponentiation with Natural Number Exponents

SML

‘declare-inﬁx(?QO, o)

HOL Constant

(V2: Ce 2z "¢ 0 =NC 1)
A (V2:C; me z "¢ (m+1)=2%2z "¢ m)

SML

‘declare-alias('”", )



2.4 C qua Real Normed Space

SML

‘ declare_infix (310, "xrc");

HOL Constant

$*pc :R - C = C

|
|
‘VwR
‘ JJ*RCU—RCx*CU

HOL Constant

Vov:Ce
Absc v = Sqrt(Re (v x v -))

SML

‘ declare_alias(" Abs", "Absc™);

2.5 Transcendental Functions

2.5.1 Exponential

HOL Constant

Vze Expc z = RC (Exp(Re z)) * (Cos (Im z), Sin (Im z))

SML

‘ declare_alias(" Exp", "$ExpcT);

2.5.2 Group Structures

We now define the additive and multiplicative groups of complex numbers.

HOL Constant
C4+ : C GROUP;
C«: C GROUP

C, = MkGROUP Universe $+ (NC 0) ~
A C. = MEGROUP {z | -z = NC 0} $* (NC 1) $~*




3 POLYNOMIALS

As we did for the real numbers in [1], we define the set of polynomial function on the complex
numbers to be the smallest set of functions that contains all constant functions and the identity
function and that is closed under pointwise addition and multiplication of functions.

HOL Constant

PolyFuncc : (C — C) SET

PolyFunce =
{ A
\ (Vce ()\xoc) € A)
A (\zez) €
A (VfgofGA/\gGA:>(>\xofx+g$)EA)
A (Vf gof € ANge A= (\zeof z xgzx)c A)}

The following function gives the n-th partial sum of a series.

HOL Constant

Sigmac : (N - C) - (N = C)

(Vse Sigmac s 0 = NC 0)
A (Vs ne Sigmac s (n+1) = Sigmac s n + s n)

We represent a complex polynomial as a pair (s,n) where s is a sequence of coefficients and n is
a bound on the degree. The following function maps such a pair to the polynomial function it
represents.

HOL Constant

Polyc : N—-C) x N—-C —C

Ve n ze Polyc (¢, n) z = Sigmac (Aie ¢ i x 277) (n+1)

We now give the operations on coefficients that correspond to addition of polynomial functions ...

HOL Constant

PlusCoeffsc : (N—-C) xN) - (N—=-C) x N) - (N— C) x N)

Vs m t ne
PlusCoeffsc (s, m) (t, n) =
((Mie  (if © < m then s i else NC 0) +
(if i < n then t i else NC 0)), m+n)

..and to multiplication of one polynomial function by another.



HOL Constant

TimesCoeffsc : (N—-C) xN) —» (N—=-C) x N) » (N - C) x N)

(Vs t ne TimesCoeffsc (s, 0) (t, n) = ((Nie s 0 % t i), n))
A (Vs m t ne
TimesCoeffsc (s, m+1) (t, n) =
PlusCoeffs ¢
(TimesCoeffsc (s, m) (t, n))
((Nie if i < m then NC 0 else s (m+1) x t (i—(m+1))), m+n+1))

4 TOPOLOGICAL ASPECTS

The standard topology on C is just the product topology:

HOL Constant

Openc : C SET SET

\
|
‘ Openc = OR XT OR

As with Openp it is convenient to have a short name for the topology:

SML

‘ declare_alias("O¢", "Openc™);

The unit circle S1:
HOL Constant

S1:C SET

S1 ={z| Abs¢ z = 1.}

The topology on the unit circle:

HOL Constant

Openg, : C SET SET

|
|
‘ Openg; = S1 <p O¢

Again it is convenient to have a short name for the topology:

SML

‘ declare_alias(" Og;", " Openg;);

and the exponential mapping of the real line onto the unit circle:
HOL Constant

ExpS1 :R - C

Vte ExzpS1 t = (Cos t, Sin t)



The degree of a loop in the unit circle:

HOL Constant

LoopS1Degree : (R — C) — Z

Yz [ ge
f € Loops(Ogy, ) N g € Paths Or N (Vse ExpS1(g s) = f s)
= g1l.—g 0. = 2. % ZR (LoopS1Degree f) = w

The generator of the fundamental group of the circle.

HOL Constant

IotaS1 : R — C

|
|
‘ IotaS1 = (Ate if t < 0.V 1. <t then NC 1 else ExpS1(2. x 7 * t))

The function that converts a self-mapping of the unit circle into a loop.

HOL Constant

S1S1Loop : (C — C) —» (R — C)

|
|
‘ Vfe  S1S1Loop f = (Ate f (IotaSI t))

The degree of a self-mapping of the unit circle:

HOL Constant

S1S1Degree : (C - C) — Z

\
|
‘ Vfe  S1S1Degree f = LoopS1Degree (S1S1Loop f)

The degree of an element of the fundamental group of the unit circle:

HOL Constant

ClassS1Degree : (R - C)P — Z

Vz p fe
p € Loops(Ogy, x) /| PathHomotopic Og; N f € p
= ClassS1Degree p = LoopS1Degree f

References
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A THEOREMS IN THE THEORY C

C_plus_comm_thm

FYzyex +y=y+zx
C_plus_assoc_thm

FYzyze(z+y +2z=2+y+z
C_plus_assoc_thml

FYzyzers+y+z2=(+y) + =z
C_plus 0.thm +VYVzexr+NCO=xzANCO+ z=
C_plus_minus_thm

FVYzer +~z=NCOA~z+2=NCO0
C_times_conj_thm

FVYzerxz-=RC(Rez™ 2+ Imaz~ 2)
C_times_comm_thm

X

FYzyex xy=yxuzx
C_times_assoc_thm
FVYzyze(zxy)*xz=2x%yx*z
C_times_assoc_thml
FVYzyzersxyxz=(xxy)x*z
C_times_1_thm
FVzer«xNCI1=2zANCIxz=2x
R_square_plus_square_eq_0_thm
FVYzyexr " 2+y  2=0.zx=0.Ny=20.
C_times_recip_-thm
FVze-2=NC0=axx+z ! =NC 1
C_times_recip_-thml
FVze-2=NC0=1"!x1=NCI
C_times_eq_-1_thm
FYzwe—-2=NCOAzxw=NC1=w=2z"1!
C_times_plus_distrib_thm
FYzyz
e x(y+z)=c*xy+c*z
ANz +y)*xz=z%xz+y=*z
C_conj_plus_homomorphism_thm
FVzye(z+y -=z-+y-
C_conj_times_homomorphism_thm
FVazye(zxy)-=z-*y-
RC_plus_homomorphism_thm
FVazyeRC (z +y) =RCz+ RCy
RC_times_homomorphism_thm
FV a2z ye RC (z * y) =RC z « RC y
NC_plus_homomorphism_thm
FVazye NC (z +y) =NCz + NCy
NC_one_one_thm
FYmne NCm=NCn<&m=n
NC_times_homomorphism_thm
VY 2z ye NC (z * y) = NC z * NC y
C_plus_order_thm
FYaxyz
ey t+x=2x-+y
ANz+y)+z=z+y+2

11



ANy+x+z=2+y—+=z

C_eq_-thm FYzyex =y <o+ ~y=NCJ0
C_minus_clauses
FYaxy

o~ (~vz)=u=x
ANz +~zxz=NC20
AN~z +z=NCJ0
AN~(z4+y) =~z +~y
A~ (NC 0) =NC 0
C_plus_clauses
FYzyz
e(z+z=y+zE1=y)
z+z=y+zE2=y)
r+z=z+yex=1y)
z+rx=z4+yS =y

ANz=y+z<y=NCO0
ANz +NCO0 ==z«
ANCO+z=2
A-NC1=NCo0
A - NC 0 =NC !
C_times_order_thm
FYzyz
oY kI =2 %Y
AN(xxy)*xz=xx%xyx*z
NY*xT *2z2=21T%7YxZ
C_times_0_thm
FVYzezxNCO=NCOANCOx*xz=NCO0
C_times_eq_-0_thm
FVYrzyexxy=NC0=2=NCO0OVy=NC?O
C_times_eq_0_-thml
FVYzyexzxy=NC 0« zxz=NCOVy=NCJ0
C_times_clauses
FVYax
e NC 0 xz = NC 0
ANz x NC 0 =NCJ0
ANz xNC 1=z
ANC I xz =12
C_times_minus_thm
FYzy
o~z xy=nr~ (z*y)
ANz xr~y=nr~ (zxy)
N~ T x~y=1T:%Yy
C_N_exp_1_thm
FVYneNC1~n=NC1I1
C_N_exp_0_thm
FVYneNCO ™ (n+ 1)=NCo0
C_N_exp_rw_thm
FYzn

12



ez " n=1_(if n=20 then NC 1 else z x z = (n — 1))
C_N_exp_plus_thm
FYz2mnez " (m+n)=z" mx*xz_ n
C_N_exp_clauses
FVYzn
e 2" 0 =NC I
ANz 1=z
ANC 1~ n=NC 1
ANC O~ (n+1)=NCO0
C_N_exp_times_thm
FVnzwe(zxw) " n=z"nxw n
C_N_exp_—_eq_0_thm
FVnze=2=NCO0=-2"n=NC?0
C_N_exp_recip_.thm
FVnze—-2=NCO= (z"1)"n=(2z"n) !
C_N_exp_-minus_thm
FVmmnz
em<nA-z=NCJ0
=z (n—m)=2z"nx*(z
C_additive_group_thm
F CL € Group
C_multiplicative_group_thm
F C, € Group
C_additive_ops_thm
F Car C, = Universe
ANV zye(z.y) Ci=z+y)
A Unit C,o. = NC 0
AV ze (z™)Ch =~ 1)
C_multiplicative_ops_thm
F Car C, = {z|-~ z = NC 0}
ANNMzye(z.y Ci=2xxy)
A Unit C, = NC 1
AV ze(z™)Co=1x"1)

Am) —1

C_.eq_.R_x_R_thm
FCy =Ry xg Ry
C_additive_C_multiplicative_homomorphism_def
FVf
e f € Homomorphism (C,, Cy)
& (Vze = f z=NC 0)
ANVzyef(z+y)=Ffzxfy)
C_exp_homomorphism_thm
F Exp € Homomorphism (CL, C,)
C_linear_homomorphism_thm
FV ce (A ze cxz) e Homomorphism (Cy, CL)
de_moivre_thm
FYam
e (Cos z, Sin x) =~ m
= (Cos (NR m x z), Sin (NR m x z))
C_sigma_rw_thm
FVsn

e Sigmac s n

13



=(f n=20
then NC 0
else s (n — 1) + Sigmac s (n — 1))
C_poly_rec_thm
F (Vs ze Polyc (s, 0) z = s 0)
ANNVsnz
e Polyc (s, n+ 1) z
= Polyc (s,n) z+s(n+1)*z" (n+ 1))
C_poly_eq_-thm1l
FVstmz
o (Viei <m=s1i=11)
= Polyc (s, m) z = Polyc (t, m) z
C_poly_eq_thm?2
FVYsmmnz
o (Viem<i=si=NCO0O)Am<n
= Polyc (s, m) z = Polyc (s, n) z
C_poly_eq_thm
FVstmnz
o (Viei <m=si=1t1)
ANNViem<i=1ti=NCDO0)
Am<n
= Polyc (s, m) z = Polyc (t, n) z
C_poly_0_.thm + ¥V n ze Polyc ((\ ie NC 0), n) z = NC 0
C_poly_minus_thm
FVsnz
e Polyc (X is ~ (5 1)), n) 2 = ~ (Polyc (s, n) 2)
C_poly_plus_thm
FVstnz
o Polyc (Aies i+ ti),n)z
= Polyc (s, n) z + Polyc (t, n) z
C_const_eval_thm
FV ce (\ze c) = Polyc (A ie ¢), 0)
C.id_eval_thm
F (X ze )
= Polyc (A ie if i = 1 then NC 1 else NC 0), 1)
C_plus_eval_thm
FYsmtn
e (A ze Polyc (s, m) z + Polyc (t, n) z)
= Polyc (PlusCoeffsc (s, m) (t, n))
C_plus_eval _rw_thm
FV sm in
o Polyc (PlusCoeffsc sm tn)
= (XA ze Polyc sm = + Polyc tn z)
C_const_times_eval_thm
FYcsm
e Polyc (A ie ¢ x s i), m)
= (A ze ¢ x Polyc (s, m) x)
C_times_eval_thm
FVYsmtn
e (A ze Polyc (s, m) z % Polyc (t, n) x)
= Polyc (TimesCoeffsc (s, m) (t, n))

14



C_times_eval_rw_thm
FY smtn
e Polyc (TimesCoeffsc sm tn)
= (A ze Polyc sm x * Polyc tn 1)
C_poly_induction_thm
FVYop
o (Vcop(\mec))
ANp (\ze )
ANVfgepfArpg=pQAaefuz+guz)
ANV fgepfApg=p(Aazefazxgu))
= (V he h € PolyFuncc = p h)
C_poly_func_eq_poly_eval_thm
b PolyFuncc = {f|3 s ne f = Polyc (s, n)}
open_C_topology_thm
F O¢ € Topology
open_C_hausdorf f_thm
F O¢ € Hausdorff
untverse_open_C_thm
F Universe € O¢
space_t_open_C_thm
F Spacer O¢ = Universe
space_t_subspace_open_C_thm
FV Ae Spacer (A <7 O¢) = A
subspace_C_topology_thm
FVY Xe X <7 O¢ € Topology
C_minus_continuous_thm
F~ € (0¢, O¢) Continuous
C_conj_continuous_thm
F $- € (O¢, O¢) Continuous
C_plus_continuous_thm
F Uncurry $+ € (O¢ xp O¢, O¢) Continuous
C_times_continuous_thm
F Uncurry $x € (O¢ x1 O¢, O¢) Continuous
C_N_exp_continuous_thm
FVne (Azez ~ n)e (O¢, Oc) Continuous
C_sigma_continuous_thm
FYosn
e o € Topology N (V ie s i € (o, O¢) Continuous)
= (A ze Sigmac (X i® s i x) n)
€ (o, O¢) Continuous
C_poly_ func_continuous_thm
FV fe f € PolyFunce = f € (O¢, O¢) Continuous
exp_sl_continuous_thm
F ExpS1 € (Og, O¢) Continuous
C_abs_squared_lemma
FVYzye Sqgrt (x =2 4+y " 2)=1.x " 2+y~ 2=1.
€sllemma FVYzeze Sl s Rz 24+Imz"2=1.
open_sl_topology_thm
F Og; € Topology
space_t_open_sl_thm
F Spacer Og; = S1
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open_C_const_continuous_thm
FV o ce o€ Topology = (X ze ¢) € (o, O¢) Continuous
open_C_id_continuous_thm
F (A zez)e (O¢, O¢) Continuous
R_0_<_square_plus_square_thm
FVYzye 0. <z~ 24y~ 2
R_square_eq_0_thm
FVYze 0. <z = (Sgrt z =0. < x=20.)
R_2d_cauchy_schwarz_thm
FVYabcd
eaxc+bxd
< Sqgrt (a2 +b"2)x Sqrt (¢~ 2+ d "~ 2)
R_2d_triangle_inequality_thm
FYabced
e Sqgrt ((a+¢) "2+ (b+4d) ™~ 2)
< Sqgrt (a”2+0b"2)+ Sqrt (¢~ 2+d" 2)
C_abs_times_thm
FV 2z we Abs (z x w) = Abs z x Abs w
C_abs_plus_thm
FV 2z we Abs (z + w) < Abs z + Abs w
C_abs_eq_0_thm
FVze Abs z = 0. & 2z = NC 0
C_abs_eq_0_thml
FVzez=NCO0 <« Abs z = 0.
C_.0_<_abs_thm
FVze 0. < Abs z
C_abs_continuous_thm
F Abs € (O¢, Or) Continuous
exp_exp_sl_thm
F FxpS1 = Exp o Ry
exp_sl_homomorphism_thm
FVY x ye ExpS1 (z + y) = FxpS1 x x ExpS1 y
exp_sl_homomorphism_thml
FV x ye ExpS1 z * ExpS1 y = ExpS1 (z + y)
exp_sl_minus_thm
FV ze ExpS1 (~ z) = ExpS1 x !
exp_sl_€_sl_thm
FV ze FExpSl x € S1
exp_sl_period_thm
FYzy
o FxpSl x = FapS1 y
& (I m
ey=x+NR (2%xm)xmr
Vz=y+NR(2x*m)=xm)
exp_sl_period_thml
FYzy
o FapS1 © = FExpS1 y < (Fiey =2+ 2. x ZR i * m)
exp_sl_onto_thm
FVz
ez2€ 81 = 3F;200. <z ANz<2 x7mANz=FEzpSl x)
sl_times.thm VY zwe ze€ S1 NwelSl =zxwelSl

16



exp_sl_onto_thml
FVez
oz c Sl
= (Fizec—nm<zAz<c+mAz= FEpSl x)
exp_sl_onto_-thm?2
FVecz
e z¢€ 81 N—z= FxpS1 (¢c + )
= (31 x
e © € Openlinterval (¢ — m) (¢ + ) N z = EzpS1 1)
exp_sl_onto_thm3
FVzeze Sl = (3ze ExpSl z = 2)
exp_sl_covering_projection_lemmal
FVe
e 51\ {EzpS1 (¢ + m)}
|3
e © € Openlnterval (¢ — ) (¢ + )
N z = ExpS1 z}
exp_sl_covering_projection_lemma?2
FVaz
o FapS1
€ (OpenInterval (z — «) (z + 7) <p Og,
(81 \ {EzpS1 (z + m)}) <7 O¢) Homeomorphism
exp_sl_covering_projection_lemma3
F EzpS1 € (Ogr, S1 <1 O¢) Continuous
exp_sl_covering_projection_lemma4d
FV ze ExpS1 z € S1 \ {EzpSI (z + m)}
exp_sl_covering_projection_lemmab
FYzy
e FxpSl x = FapS1 y
A = Openlnterval (x + ~ m) (z + )
N OpenInterval (y + ~ ) (y + 7)
={}
==y
C_punctured_set_thm
FVXze X\ {2} e X <p O¢
exp_sl_covering_projection_thm
F ExpS1 € (Og, Ogy) CoveringProjection
exp_sl_path_lifting_thm
Yy f
o f € Paths Og; N ExpS1 y = f 0.
= (g
e g € Paths Op
ANgO. =y
A (V so ExzpS1 (g s) = f $))
exp_sl_path_lifting_thml
FVyf
o f € Paths Og;
= (3 ge g € Paths Or N (V se EzpS1 (g s) = [ s))
exp_sl_unique_path_lifting_thm
FYfga
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e f € Paths Op
A g € Paths Op
A (V ze EzpS1 (f z) = ExpS1 (g z))
ANga=Ffa
= (Vazefz=gumx)
translated_path_R_path_thm
VY f cef e Paths Op = (A ze f x + ¢) € Paths Op
ZR_minus_homomorphism_thm
-V ie ZR (~ i) = ~ (ZR 1)
LoopS1Degree_consistent
F Consistent
(X LoopS1Degree’
eVuzfyg
e f € Loops (Ogy, )
A g € Paths Opg
A (V so EzpS1 (g s) = f s)
=g1.—g0.
= 2. % ZR (LoopS1Degree’ f) x )
exp_sl_path_fibration_thm
FYfH
e f € Paths Op
N H € (Og x7 Og, Ogy) Continuous
A (VY ze H (z, 0.) = ExpS1 (f z))
= 3L
e L€ (Or xp Og, Op) Continuous
ANV ze L (xz, 0)=fzx)
AN zs
e s € ClosedInterval 0. 1.
= ExpS1 (L (z, s)) = H (z, s)))
exp_sl_thm F FxpS1 0. = NC 1
exp_ sl 2 _w_thm
FV ie ExpS1 (2. x ZR i x w) = NC 1
tota_sl_loop_thm
F IotaS1 € Loops (Ogy, NC 1)
tota_sl_continuous_thm
F IotaS1 € (Og, Ogs) Continuous
sl_sl_loop_loop_thm
FVf
o f € (0gs, Ogy) Continuous
= S181Loop f € Loops (Og1, f (NC 1))
mw_recip_clauses
Frsan l=1.Am 1Tsxm=1.
times_2_m_lemma
FVYzyex =2.xyxmney=(1/2) «xzx*xm
7._<_cases_thml
FVYijei+NZI1<jVi=jVvj+NZ1<i
R_times_mono_<_thml
FVze . <z = NVyzezxy<zxzey<z)
ZR_0_less_thm
FVie (0. <ZRi& NZ O <14
ZR_less.thm FVijeZR i <ZR j < i <j

—1
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ZR_one_one_thm
FYijeZRi=ZR j < i=j
discrete_subgroup_R_discrete_thm
FVYec
e (. <c= {z|3iez2=cxZR i} < Op € Discreter
ker_exp_sl_discrete_thm
F{z|3ie 2z = 2. x ZR i * m} < Opr € Discreter
sl_sl_degree_homotopy_invariant_lemmal
FY H
e H € (Og; xp Og, Ogy) Continuous
= (A (y, s)e H (lotaS1 vy, s))
€ (Or x1 Opg, Og;) Continuous
sl_sl_degree_homotopy_invariant_lemma?2
FVY H
e L € (Or xp Og, Ogr) Continuous
= (A ye L (lotal y, 1.)) € Paths Op
sl_sl_degree_homotopy_invariant_thm
Y Sy
e ((Og1, {}, Os1) Homotopic) f g
= S1S1Degree f = S151Degree g
one_€_sl_thm + NC 1 € §1
C_N_exp_€_sl_thm
FVnzeze Sl =2 "neSl
C_N_exp_sl_sl_continuous_thm
FV ne (\zez " n)e (0Ogs, Ogr) Continuous
sl_sl_degree_const_thm
FVnwewe S1 = S1S1Degree (A ze w) = NZ 0
sl_sl_degree_C_N_exp_thm
FV ne S1S1Degree (A ze z = n) = NZ n
sl_sl_loop_eq_thm
Y Sy
o (Vzez2€ Sl = fz2=g2)= S1S1Loop f = S1S1Loop g
sl_sl_degree_eq_thm
EVfyg
o (Vzezec Sl =fz=yg2)
= S151Degree f = S151Degree g
R_recip_C_abs_continuous_thm
F (X ze Abs z —1)
€ (~{NC 0} <7 Oc¢, {z|0. < z} <1 Opr) Continuous
C-recip-—_eq_0_thm
FVz2e-2=NC0=-2"1=NC0
RC_thm FRC € (Og, O¢) Continuous
sl_times_continuous_thm
F Uncurry $x € (Ogs; <7 Ogi, Ogy) Continuous
C_abs_R_abs_thm
FV ze Abs (RC z) = Abs z
pp_-sl_€_sl_thm
FVz2e-2=NCO0 = zx*RC (Abs z ~1) € 51
C_poly_continuous_thm
F V¥ ¢ ne Polyc (¢, n) € (O¢, O¢) Continuous
pp-sl_continuous_thm
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F (X ze z x RC (Abs z —1))
€ (~{NC 0} <7 O¢, Og;) Continuous
C_sigma_times_thm
FV 2z cne Sigmac (A ie z x c i) n =z x Sigmac ¢ n
C_sigma_times_thml
FVY 2z cnezx Sigmac ¢ n = Sigmac (\ie z x c i) n
C_stgma_const_thm
FV nze Sigmac (A ie z) n =NC n x 2z
C_sigma-eq_-thm
FVncd
o (Viei<n=ci=di)
= Sigmac ¢ n = Sigmac d n
C_poly_times_thm
FYecnwz
e Polyc (A ie w x ¢ i), n) z=w % Polyc (¢, n) z
sqrt_-<_1thm +FVze 0. <z ANzx<1. = Sqetaz < 1.
C_poly_degree_0_lemmal
FVYecn
o (V ze Abs z < 1. = = Polyc (¢, n) z = NC 0)
= (X ze z * RC (Abs z —1))
o (A (z, 1)
o Polyc (¢, n) (RC (lotal t) x z))
€ (Og; X7 Opg, Ogy) Continuous
C_poly_degree_0_lemma?2

FVYen
o (V ze Abs z < 1. = = Polyc (¢, n) z = NC 0)
= (Jw
o w e S1
A (1, {}. Os1) Homotopic)

(A ze w)
(A ze z % RC (Abs z ~1))
o Polyc (c, n)))
C_poly_degree_n_lemmal
FVenzt
e Sigmac
(N ie ¢ i % RC (lotal t) =~ (n — i) x z 1)
(n+ 1)
= RC (lotal t)
x Sigmac
(A i
eci
* RC (lotal t) = (n — 1 — 1)
x 2 1)
n
+cnxz"n
C_poly_degree_n_lemma?2
FVYenzt
e - Jotal t = 0.
= Sigmac
(N ie cix RC (Iotal t) =~ (n — i) * 2 ~ i)
(n+ 1)
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= RC (lotal t) " n
x Polyc (¢, n) (z * RC (Iotal t) —1)
C_poly_degree_n_lemma3
FYecn
o (A (2, 1)
e Sigmac
(A ie ci*x RC (Iotal t) =~ (n — i) x 2~ i)
(n + 1))
€ (O¢ xp Op, O¢) Continuous
C_poly_degree_n_lemma4

FVYecn
o (Vze 1. < Abs z = — Polyc (¢, n) z = NC 0)
AN cn=NC 1
= (A ze z * RC (Abs z —1))
o (A (z 1)
e Sigmac
(A
o ¢ i x RC (lotal t) = (n — i) x z "~ 1)
(n + 1))

€ (Og; xp O, Og;) Continuous
C_poly_degree_n_lemmab

FVen
o (Vze 1. < Abs z = = Polyc (¢, n) z = NC 0)
AN cn=NC I

= ((Os1, {}, Os1) Homotopic)
(A zo 2 x RC (Abs z ~1)) o (X ze z ™ n))
(A ze z x RC (Abs z ~1)) o Polyc (c, n))
C_poly_degree_0_thm
FVYecn
o (V ze Abs z < 1. = = Polyc (¢, n) z = NC 0)
= S51S51Degree
(A ze z x RC (Abs z ~1)) o Polyc (c, n))
=NZ 0
C_poly_degree_n_thm
FVen
o (Vze 1. < Abs z = — Polyc (¢, n) z = NC 0)
AN cn=NC I
= S51S51Degree
((\ ze z x RC (Abs z ~1)) o Polyc (c, n))
=NZn
constant_term_0_root_thm
FVcnecO=NCO0= Polyc (¢, n) (NC 0) = NC 0
monic_ fta_thm
FVYecn
ecO0=NCOV-n=0ANcn=NC1
= (3 ze Polyc (¢, n) z = NC 0)
fta_thm FVYecn
ec(0=NCOV-n=0AN-cn=NCO0
= (3 ze Polyc (¢, n) z = NC 0)
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